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Orbital-angular-momentum spectra in coherent optical vortex beam

arrays with hybrid states of polarization
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Abstract: Orbital-Angular-Momentum (OAM) is one of the most important parameters in high-capacity op-
tical communication or super-resolution imaging. Based on the Huygens-Fresnel principle and the theory of
coherent combination, we propose hybridly polarized vortex beam arrays in coherent combinations of radial
off-axis Gaussian beamlets with vortex and polarization Topological Charges (TC). The effect of vortex, po-
larization and addition TC and the number of beamlets on OAM spectra of the proposed beam arrays at input
and output plane are both stressed. The results show the number of beamlet and hybrid polarization present
joint effect on maximal weight of OAM-modes. An increase of maximal weight value at OAM-mode is ac-
companied by the growing number of the beamlet, while the hybrid polarization can not significantly in-
crease the maximum weight of OAM spectra. As the number of beamlets increases, hybrid polarization can't
significantly improve the maximal weight value in OAM spectra. Furthermore, the maximal mode equals the
total TC at central Optical Vortex (OV) and it is irrelevant to the number of beamlets. Whereas for other
modes for non-zero weight, their locations are jointly determined by vortex, polarization and addition TCs
and the number of beamlets. This work may provide potential applications in the OAM-based communica-

tion and polarization imaging technologies.
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1 Introduction

Vortex beams with helical wavefronts charac-
terized by an azimuthal phase / (namely, vortex to-
pological charge), e.g. Laguerre-Gaussian modes,
can carry Orbital-Angular-Momentum (OAM) equi-
valent to /i per photon (% being reduced-Plank con-
stant)t?, which have stimulated considerable enthu-
siasm in optical communication, optical microma-
nipulation and super-resolution imaging®®. Vector
optical fields with hybrid states of polarization can
be described by hybrid morphology with linear, cir-
cular and elliptical polarizations, and their propaga-
tions in uniaxial crystal were first studied by
Milione et al.. in 2010". Since then, many different
types of hybridly polarized beams have been pro-
posed due to their tunabilities in degree of freedom
of optical polarization. For example, Gu et al.. in-
vestigated polarization evolution of three types of
hybridly polarized beams in focal region'”, and
studied the polarization rotation in a uniaxial crystal
from theory to experiment!''l. The hybridly polar-
ized beams with polarization topological charges
were given by Chen ef al.., and used to explore spin-
to-orbital angular momentum conversion in near-

field zone!'?.

doi: 10.37188/C0O.EN-2023-0010

On the other hand, high-dimension or high-pur-
ity OAM spectra can be produced by the superposi-
tion of vortex beams, shape-tailored metasurfaces, a
binary array of pinhole and nanosieves!*'®l. Espe-
cially, Jin et al.. have reported multiplexed OAMs
produced by a compact phyllotaxis nanosieve. How-
ever, the effect of hybrid polarization in coherent
combination on OAM-modes has not been dealt
with. Can the hybridly polarized vortex beam ar-
rays in coherent combination present pure or mul-
tiple OAM modes, and their modes can be located
by mathematical method? The motivation of the
present work is to explore the relation between the
maximal mode of OAM spectra and total Topolo-
gical Charge (TC) of central Optical Vortex (OV),
and find the mathematical equations for locations of
non-zero weights for all OAM-modes. The results
obtained in this paper stress the effect of polariza-
tion TCs on locations of OAM-modes, which may
be useful for high-capacity optical communication

or super-resolution imaging.

2 OAM spectra of hybridly polar-
ized vortex beam arrays in coher-
ent combination

Taking the direction of z axis as the beam
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propagation direction, the electric field of a single
Gaussian beam with vortex and polarization TCs at
the input plane of z=0 in the cylindrical coordinate

system is expressed ast'> ')

E(ry,0) =G(ry)V(ro)-
[cos(mpy + e, + sin(me, + 6) exp(id)e, ],
(D
where ry=(ry, @) is the position vectors with r, and
@, being radial and azimuthal coordinates at z=0, m
denotes polarization TC related to hybrid state of
polarization of optical field, & is the angle between
polarization and radial direction, ¢ is phase retarda-
tion angle between the x, and y, components with
Xo=rocos@, and y,=rosing,, e, and e, are the unit vec-
tor along x, and y, axes, respectively. The profiles of
the Gaussian beam G(ry) and vortex core V(ry) in
Eq. (1) are described by

{ G (ro) = exp (=13 /w}) o

V (ro) = ri exp (ilyy),

with w, and / being waist width and vortex TC, re-
spectively. From the Eqgs. (1) and (2), one can see
that the phase factor of electric field reduces to
expli(m+l)p,] for the case of m=/, which indicates
that the total TC is equal to the sum of vortex and
polarization TCs, i.e. TC=m-+/, at input plane of z=0.
If phase retardation angle 0=0, the polarization state
of optical field is linear polarization along different
directions, and the optical field of m=1 can be re-
duced to radially or azimuthally polarized beams for
6=0 or 6=n/2, respectively. If polarization TC m=0,
the polarization of optical field is not hybrid mor-
phology, but uniformly linear, circular or elliptical
polarization states.

To elucidate the OAM spectrum of beam ar-
rays in coherent combination, we assume that it is
formed with N identical off-axis beamlets with oftf-
axis distance vector r;. The optical field of the co-

herent beam arrays can be written by

N
Ee(r0,0) = > Ej(r0,0) (3)

J=1

where the input jth off-axis beamlet Ej(r,0)=
E(ry—r;,0)exp(ig;) with additional phase of ¢=
2njn/N (i is additional topological charge) and the
displacement vector r=(pcos0;, psind;) with radius p.
The propagation of the resulting beam arrays at the z

plane is given as

k ik ,
Een(r.2) = =— [ Euan(ro.0)exp [Z(" ) }dro,
4

where r=(r, @) is the position vectors at the output
plane of z and £ is the wave number.

The weight R, represents the relative energy of
nth OAM mode for the optical field, and its value

can be calculated by

. wﬁ)mlan(r,z)lzrdr s
D Clanarrar Y P,

with the power of OAM spectrum P, and the expan-

sion coefficient

a,(r,z) = con (1, 0,2)exp (—inp)dg. (6)

1 2n

T £

Egs. (1)-(6) provide powerful ways to solve the
relative power or weight of nth OAM mode of the
resulting beam arrays, where each beamlet carries
vortex and polarization TCs. Although there exist
the x- and y-direction polarizations of the resulting
beam arrays, their OAM spectra are identical with
the x and y directions in the free space. For paraxial
beams, the relation among topological charge /, n-
mode of OAM spectra and the weight R, can be de-
scribed by!"®-2!

e}

I:Zan : D

n=—oo

On the other hand, the longitudinal OAM dens-

ity also provide different perspectives in the evolu-

22]

tion of OAM, and its expression is described by*

Lz _ 18_0 E;h . xaEcoh,x _ aEcoh,x +
w ’“ oy Oox

aEcohy BECOhy
E. ., ——y—— , ()
(x oy o )]
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where o is the circular frequency, &, is the electric concentrate at n=/+m in equal weight with vortex

permittivity of a vacuum. The longitudinal OAM and polarization TCs at z=0 as shown in Figs. 1 (g)—

densities show consistency with the OAM spectra, 1 (i). The embedded polarization TC results in the

and the relations is given by split of OAM mode. It is clear that total TCs equal

L o i nP, . (9) [+m due to spiral phase distributions in Figs. 1 (a)—
n==co 1 (c), and their hybrid states of polarization impro-
In the following numerical calculations A=
632.8 nm, wy=1 mm, §=n/4, 6=7n/8 and Rayleigh

length z=kwy*/2 are fixed unless otherwise stated.

ve with an increase of polarization TCs in Figs. 1 (d)—
1 (f). Although the phases, polarization states and

) OAM spectra in a single vectorial optical fields are
2.1 OAM spectra at input plane

. . . induced by polarization TC at the input plane, the
Fig. 1 (color online) gives the OAM spectra,

phases and polarization states for a single Gaussian relation of Eq.(7) still holds. For example, the power

beam with vortex and polarization TCs. It is well- weights are both 0.5 and 0.5 at OAM-modes of #=0
known that the OAM spectrum concentrate at n=I[ and 4 for the case of (/, m)=(2, 2) in Fig. 1(i), re-
for non-polarization or uniform polarization!”” in spectively, but its spiral phase demonstrates the

Figs. 1 (a), 1 (d), 1 (g). However, the OAM spectra value of TC=4 as shown in Fig. 1(c).
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Fig. 1 Phases, polarization states and OAM spectra of a single Gaussian beam with different vortex and polarization topolo-

gical charges. (a), (d), (g): ({, m)=(1, 0); (b), (e), (h): (/, m)=(1, 1); (c), (D), (1): (/, m)=(2, 2). (d), (e), (f): RH (Red) and
LH (Blue) elliptical polarizations

Fig. 2 (color online) shows the OAM spectra binations with radial, rectangular and linear sym-

and OAM densities of beam arrays in coherent com- metries at z=0, where the off-axis distances of each



56 YANG Ceng-hao, et al. : Orbital-angular-momentum spectra in coherent optical ...... 1505
(b) N (©) Y
P
. (0]
X o|” X 0@ .l 2 .x
P
0.5 (d) 05 (H
0.4 0.4
+ 0.333 -
0.3 0.3
— )
202 ! 202
0.117 0.117 . 0.106 (),
0.1 .073062I .09 0'062I | 8’07243 0.1 0&(8]3%03105%.087 005 004303
JIL N NN Wl . 0
-10 -5 0 5 10 -10 -5 0 5 10 -10 -5 0 5 10
Mode number n Mode number n Mode number n
. @ |1‘0 G Lo 0 |10
‘ ‘ 0.5 . A Io 5 | | 0.5
0 0 A 0 L
: : 0 0 0
1 ] ' ' :t ~ ¥ | Ty .
10 .."! !'.. JO'SIO' e Be ! —0.510 ' -- ! —0.5
0 e _-:. 0 - = _..10 __..., - P
: -1.0 . -1.0 _— 0 -1.0
yimm: 1010 x/mm ymm —10-10 x/mm ymm —10-10 x/mm

Fig.2 The OAM spectra (d)—(f) and OAM densities (g)—(i) of beam arrays in coherent combinations with radial, rectangular

and linear symmetries at z=0. (a), (d), (g): radial symmetry; (b), (e), (h): rectangular symmetry; (c), (f), (i): linear sym-

metry. The parameters are (/, m)=(1, 1), =0, N=6 and p=5Sw;,

beamlet are also marked in Figs. 2 (a)—(c) and the
additional topological charges are set as #=0. Com-
paring with the OAM-modes centered at »=0 and 2
of a single beam in Fig. 1(h), the weight values de-
crease from R,—,=0.5 to 0.333 and from R,-,=0.5 to
0.09 in Fig. 2(d). Although the relative power at
mode of n=0 and 2 are suppressed, more modes ap-
pear for radial beam arrays. The maximal weigh is
also found all at =0 of OAM-mode for radial, rect-
angular and linear symmetries, which is due to the
fact that the topological charge of central optical
vortices (i.e., optical vortices at original) is zero
even though there exist more non-zero vortex in the
field cross section. A larger weight value at mode
means that it carries more harmonic energy at this
mode. The maximal weights of OAM spectra of the
proposed beam arrays for different symmetry and
beamlet numbers are listed in Tab. 1. As one can
see, the OAM-spectra in radial symmetry present
more concentrated modes than those in rectangular

and linear symmetries, which means that the radial

symmetry may possess relative high-quality spectra.
The possible physical explanation seems to be that
radial symmetry is helpful to form the expected vor-

tex or spiral structures.

Tab.1 The maximal weights of OAM spectra of the
proposed beam arrays for different symmetry
and beamlet numbers, the other parameters are
the same as in Fig. 2

Symmetry N=4 N=6 N=8
Radial 0.221 0.333 0.432
Rectangular 0.198 0.201 0.174
Linear 0.119 0.106 0.065

2.2 OAM spectra at output plane

Next, our attention is paid to the dependence of
OAM-spectra in coherent combination with radial
symmetry on vortex and polarization TCs (/, m), ad-
ditional TC # and the number of beamlet N at the
output plane. Radial beam arrays formed by N
identical off-axis beamlets are depicted in Fig. 3 (a)

(color online), where each beamlet at input plane
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has different initial phase, i.e., ##0. There may exist
spiral phase of central optical vortex at (0, 0, z), e.g.
TC=+1, as shown in Fig. 3 (b) (color online). The
OAM spectra of the corresponding beam arrays are

presented in Fig. 3 (c) (color online), where the we-

@

,
B
EEE

ight value R,-,=0.92 at the maximal mode n=1. It
raises the questions of whether there exist a correla-
tion between maximal mode and central OV, and
what factors determine the topological charges of
central OV.

(b) 1.0] (¢)

Fig. 3 (a) Illustration of center optical vortex at (0, 0, z) of beam array in coherent combination with radial symmetry at the

output plane. (b) Spiral phase of center optical vortex. (c) OAM-spectra of the corresponding beam arrays. The para-

meters are (/, m)=(0, 0), =+1, N=8 and p=5Sw,

Fig. 4 (color online) further gives the corres-
pondence between the topological charge of central
OV and maximal modes of OAM-spectra for differ-
ent /, m, n at z=10z,. It is seen that the maximal
mode of OAM-spectra presents a consistent one-to-
one match with topological charge of central OVs,
which also mean that the resulting beam arrays pos-
sess a maximal spiral harmonic power at central ori-
gin (0, 0, z). For example, the spiral phase circulat-
ing around origin of coordinates 4x in counterclock-
wise stand for the topological charge of TC=+2 as
shown in Fig. 4 (a), then its weight of maximal
mode just locating at n=2 is R,,=0.383. As shown
in Fig. 4, the values of TC of central OVs are /+#—m
for H+#=0, while for /+#<0, the values of TC equal
[+n+m. Tt indicates that maximal modes of OAM-
spectra carrying maximal spiral harmonic powers
are determined by the joint influence of vortex, po-
larization and additional topological charges of /, m
and 7. If H5=0, the position of maximal mode is
Hmax—l+1—m, whereas it is 1, =l+n+m if [+#<0. For

example, for the case of m=1 and m=2 in Figs. 4 (c)

and 4 (g), the values of TC are —1 and -2 for (/, )=
(1, —1), and their locations of maximal modes are
nna——1 and —2, respectively. However, for (/, n)=
(0, =2), the locations are —1 and 0 in Figs. 4 (d) and
4 (h), respectively. It should be pointed out that
there are plenty of optical vortices appearing at oth-
er areas, but only central OVs and maximal modes
have clear correspondence.

Fig. 5 (color online) shows OAM-spectra, spir-
al phases of central optical vortex and OAM densit-
ies for different 7 at z=10z,, where each beamlet at
input plane possesses vortex and polarization TC of
(I, m)=(1, 1). Similarly, it is found that the maximal
weight of OAM spectra are centered at n=—2, —1, 1
and 2 because their locations are also determined by
Hpa—ltn+tm for +#<0 as shown in Fig. 5 (a). The
OAM densities of beam arrays also evolve from in-
dependent side-lobes at input plane into kaleido-
scope structures in far zone of z=10z, due to optical
interference. The positive or negative values of
OAM densities at central zones marked by dotted
lines in Fig. 5 (c) agrees well with the positive or

negative sign of central OVs, respectively.
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Fig. 4 The correspondence between the topological charge of central optical vortex and maximal modes of OAM-spectra for

different /, m, n at z=10z,. (a)—(d): m=1; (e)—(h): m=2. The parameters are N=8 and p=3w,
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Fig. 5 OAM-spectra, spiral phases of central optical vortex and OAM densities for different 5. n=—2, n=—1, =1, and =2 re-
spectively, from top to bottom.The parameters are (/, m)=(1, 1), N=8, p=3w, and z=10z,
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Now that the location of maximal mode is
Nma=ltnE£m, the question to raise is what happens
for its maximal weight if the sum of /+# is fixed.
Fig. 6 (color online) shows the effect of polariza-
tion TCs and the number of beamlet on weight of
maximal mode in OAM-spectra for a fixed /+7=2,
where m=0, 1 and 2 are marked by black, red and
blue lines, respectively. An increase of weight value
at maximal mode is accompanied by the growing
number of the beamlet, and a larger # can make lar-

ger weights. In addition, the polarization and the

number of beamlet have a combined effect in max-
imal weight of OAM-modes. The increase of weight
value in non-polarization (i.e. m=0) is more rapid
than those for m=1 and m=2 with the increase of N
as shown in the shaded area in Fig. 6 (a). For ex-
ample, for N=7 and 12 in Fig. 6 (b) the weight im-
proves from 0.348 to 0.917 for m=0, whereas for
m=2 it only changes from 0.516 to 0.769, respect-
ively. The results indicate that the high-purity or
high-weight OAM may be obtained by increasing N

or decreasing m for a fixed /7.

Spiral spectra |
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Fig. 6 (a) Effect of polarization topological charges and the number of beamlets on weight of maximal mode in OAM-spectra

for a fixed H#=2. (b) The corresponding weight in OAM-spectra for (/, 7)=(2, 0). The other parameters are the same as

in Fig. 5

Fig. 7 (color online) shows the locations of
OAM-modes with an increase of the number of
beamlet N for different /, # and m, where all non-

zero modes are given. Their locations of OAM-

(a)
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modes gradually decrease with the growing number
of beamlets, which also means that the powers at
other modes disappear and transfer to a few modes.

More importantly, the locations of all OAM-modes
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Fig. 7 Locations of non-zero weight for OAM-modes with an increasing of the number of beamlet N for different /, # and m.
(a): (L, n, m)=(1, 0, 1), (b): (, 7, m)=(2, 0, 1), (¢): (£, n, m)=(1, 0, 2), (d): (/, n, m)=(1, -2, 1)

for the hybridly polarized vortex beam arrays satis-
fy the mode equation of n=Hntm—aN with arbit-
rary integer o (see Appendix). If =0, the mode re-
duces to n=Iln=+m corresponding to the case of max-
imal modes. For example, based on the mode equa-
tion, their locations for N=10 and (/, , m)=(1, 0, 1)
should are —10, —8, 0, 2, 10 and 12 if =1, 0 and —1,
respectively, then their modes are exactly presented
as shown in Fig. 7 (a). Despite their locations are
plentiful, higher modes, e.g., n=—20, —18, 20 and 22
at =2 and —2, are omitted due to their extremely
weak weights. These locations at other cases can be

obtained by using the same method.

3 Conclusion

Hybridly polarized vortex beam arrays are pro-
posed by the coherent combinations of N identical
off-axis Gaussian beamlets with vortex and polariz-
ation topological charges, and used to explore the
effect of vortex, polarization and addition topologic-
al charges (/, m, n7) and the number of beamlets N on
their OAM spectra. Generally, for a single beam its
OAM spectrum can be induced by polarization TC,
and its mode appears at n=/4m in equal weights.
However the proposed radial beam arrays present a
greater concentration modes than those of rectangu-
lar and linear symmetries, which suggests that the
radial beam arrays have an advantage in high-purity

OAM spectra. The polarization and the number of

beamlet have a combined effect on maximal weight
of OAM-modes. An increase of the number of
beamlets can lead to the increase of weight value at
maximal mode. The hybrid polarizations caused by
the embedded polarization TC not only damage the
symmetry of OAM spectra, but also decrease its
weight or purity at maximal modes. The maximal
mode for the proposed beam arrays is equal to the
total topological charge at center optical vortex, and
its location is determined by n,,,=l+#+m irrelevant
to the number of beamlets. Whereas for other modes
their locations appear at n=/+y+m—oaN in connec-
tion with the number of beamlet. The proposed hy-
bridly polarized vortex beam arrays provide poten-
tial applications in the high-capacity OAM-based

communication or super-resolution imaging.

Appendix: Theoretical derivation of
other non-zero OAM mode locations

According to Ref. [13], in the scalar field one
can obtain the expansion coefficient in x or y-direc-

tion

N
a,(r,z) = ZEf (r,p,z)exp (—ing)de.
j=1

(AD

1 2
L

For simplicity, Eq. (Al) can be rewritten by

letting 6=0 and using Euler function as

a,=——(a,+a.) , (A2)

2V2n
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with

& 2
_ L£TLT]
a. —fo El Ej(r,go,z)exp(z
=

N )-exp [i(I—n)plexp(ximp)dy . (A3)

Due to the fact that each beamlet possesses the Eq. (A3) can be expanded by using integral substitu-

same optical fields for the radial array structures, tion method

Eq. (A4), and find it expressed as

a. =f()2n E(r,¢,z)-explie(l £ m—n)|{exp [2ni(I+n+m—n)/N| +
N
expldni(l+n+tm—n)/N]+---+ exp[2ni(l+n+tm—n)|}dp . (AD)

One can consider this geometric sequence in a, which indicates that the weights of those OAM-
spectra are not zero, i.e., a.#0, only for n=/+

nEtm—oaN. It should be point out that the location
1—exp[2ni(l+n+m—n)]
1l —exp[2ni(l+n+m—n)/N]

~1 . (A5) equation is only valid for radial array, but not ap-

plicable for the cases of rectangular and linear sym-

Only when H#n+tm—n=aN with arbitrary integer metries.
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