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Debye series analysis of radiation torque exerted on a sphere
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Abstract; The radiation torque induced by a focused laser beam has been widely utilized for the optical ma-
nipulation of small particles in various fields such as physics, biology, and optofluidics. To isolate the contri-
bution of each scattering process to the radiation torque and to clarify the physical mechanism of radiation
torque, the Debye Series Expand( DSE) is introduced to analysis of the radiation torque exerted on a homoge-
neous sphere by Gaussian beam. When Debye mode p ranges from 1 to a value p, . large enough, the result
obtained by DSE is identical to that by Generalized Lorenz-Mie Theory (GLMT). Furthermore, the radiation
torque corresponding to each Debye mode p is mainly analyzed. Results show that when incident beam is line-
arly polarized, all scattering processes for p in 1 =5 can produce a transverse torque while the directions of
torque are different. When the beam is circularly polarized, the torques for p in 1 and 0 are much larger than
that for p in 1 —4, and the direction of torque for p in 0 is opposite with that for other mode p.
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1 Introduction

It is well known that transfer of angular momentum
from a laser beam to a particle can produce radiation
torques, which can be employed to the manipulation

') and it have been widely

of microscopic objects
used in the fields of biology, physics, optofluidics,
etc. The torque may be caused by circularly polar-
ized plane wave, which carries spin angular momen-
tum'?*. In this case, the particle needs to be ab-
sorbing. The torque may also occur in the case of a

sphere illuminated by an off-axis shaped beam'*'.

In
this case, the off-axis beam has orbit angular mo-
mentum. It is obvious that when an absorbing parti-
cle is illuminated by an off-axis circularly polarized
focused beam, both the spin angular momentum and
the orbit one will be transferred from the beam to the
particle.

Many researchers have been devoted to the
theroretical prediction of radiation torque, and dif-
ferent approaches have been developed. When the
size of particle is much larger than the wavelength of

d > 10A (d is the diameter of
the particle and A is the wavelength) , the geomet-

incident beam, 1. e.

rical optics can be employed to the prediction of ra-
diation torque">’. Conversely, the Rayleigh model'®’
can be employed to the prediction of radiation torque
exerted on a particle which is much small than the
wavelength, i.e. d<<A. Both geometical optics and
Rayleigh model are approximate approaches. The
two limiting cases can be unified by the rigorous the-
ory “Generalized Lorenz-Mie Theory( GLMT) "7/
which is the solution to the Maxwell’s equations and
is suitable for any d/A.

GLMT is a rigorous electromagnetic theory, and
can exactly predict the radiation torque exerted on a
sphere. However, the solution is complicated combi-
nations of Bessel fuctions, and its mathematical
complexity obscures the physical interpretation of va-

rious features of radiation torque. Of all electromag-

netic theories, the Debye Series Expansion( DSE) ,
which is a rigorous theory, expresses the Mie scat-
tering coefficients into a series of Fresnel coefficients
and gives physical interpretation of different scatter-
ing mode. The DSE is an efficient tool to make ex-
plicit the physical interpretation of various features of
radiation torque which are implicit in the GLMT.
The DSE is firstly presented by Debye in 1908 for
the interaction between electromagnetic waves and
cylinders'”. Since then, the DSE for electromagnet-

[10]

ic scattering by homogeneous'"" | coated'" | multi-

layered spheres'”’ | multilayered cylinders at normal

[14]

incidence' ' | homogeneous'" | multilayered cylin-

]

der at oblique incidence'™ | and spherical grat-

]

ings''® are studied. In our previous work, the DSE

is employed to the theoretical research on the radia-
[17]

tion pressure force exerted on a homogeneous '~ and

multilayered spherical particle'™ . However, the
DSE is, in our knowledge, not employed to the re-
search on radiation torque. This paper is devoted to
the theoretical prediction of adiation torque exerted

on a sphere using DSE.

2 Theoretical background

We consider a sphere whose radius is a and refrac-
tive index is m, embedded in the dielectric medium
of refractive index m,. The sphere is characterized
by a size parameter of 2mwa/A, where A is the wave-
length of the incident wave in the surrounding free
space. The center of the sphere is located at O,
which is the center of the Cartesian coordinate sys-

tem O It is illuminated by a Gaussian beam

Pxyz*
whose center of beam waist is located at O, which
is the center of the Cartesian coordinate system

0

ers. The coordinates of O in the system O, . are

cuw » With O, parallel to O,, and similarly for oth-
(%9, ¥o» % ). The time dependent term of incident
beam is exp(iwt) with @ being the angular frequen-
cy and will be omitted from all formulas.

The longitudinal radiation torque T, and the two
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transverse radiation torques T, and T are given re-

x ¥

spectively by

=S S oan,
m=1

=S S oan, @)

T, = 7’"%2 ZC'"<A'" (3)

T, :—4—’”132 > mcCrBr, (4)
c k n=1 m=1

cr o= 2n+1 (n+lml)- (5)

" aln+1) (n -l ml)-’

m_ m-1 _m=* —-m+1 *
Ay = An(gn ™&n, ™ gn IMgn ™ ) +

B, (gl wgie — &l ) s (6)
Al = A (g g — &g )+
B, (g g e g,z &) (7)
Bl = A (1 glpy1” =1 gy 1?
+B,(I gl ! =l gl 1), (8)
A, = (a,) -l a,l?, 9)
B =(b)-1b 1% (10)

In Egs. (1) - (3),
in which P is the power of the beam,

the prefactor P/( mw;) ,
is omitted.
The star denotes complex conjugation. The g’ and
gn e are so-called Beam Shaped Coefficients
(BSCs) , and their expression in Bessel function can
be obtained by the integrated localized approxima-

tion. For first-order Davis model, BSCs can be sim-

ply expressed by
(gn,'l‘M J _ iQZZ'e_i()y2+ikzo %
g, e

[ei(”'_1>(b0‘]m_l (X) + ei(m+|)(l>oJm+l (X) ] S (11 )

with
2 2 1
X - = — 12
k A’ l kwo, S ka’ ( )
o _2n(n+1)i m =21 \imi-1

S P =G
(13)
X =20p,p, (14)

B 1 _n+172 2 2

Q _i—lzo/l’p" - k ”y - pn+p0’
(15)

x y, ¢
& =w_0770 =w—0p0 = x/é%"'nécbo = 2

0 0
(16)
where w, is the beam-waist radius and J, (x) is

the Bessel function of first kind.
=y, =0), BCSs

gr .y and g7 reduce to a single set g,, which can

For on-axis illumination ( x,

be calculated by using the Localized Approximation
(LA)

2

g, = iQexp[ - iQ %exp(ikzo). (17)

0
Note that we can obtain the radiation torque in-
duced by other shaped beams by replacing the corre-
sponding BCSs in Eqgs. (11) - (17).
The a, and b, in Eqs. (1) - (10) are tradition-
al Mie scattering coefficients, and can be expanded
. . [12]
using Debye series as

a,| 1

Lo, (18)
with "
0 = mr e (19)
or ”
0, = B + T2 Y (R™)™. (20)

p=1
Where p is the mode of refraction. 72" and T'” repre-
sent respectively the portions of transmission of wave
from region 2 to region 1 and from region 1 to region
2. R and R" represent respectively the portions of
reflection on the surface of region 2 to region 1 and

of region 1 to region 2. They are defined by

o2
Tn - m, D”’ (21)
R _ afV (0)E" (y) -BES ()€ (v)
n D” )
(22)
2 _ 21
Tn __Dn’ (23)
Rlzl _ a§7(12)(x)§iz><y) —,35,(12)(x)§,(12>(9’)
n - Dn b
(24)

of,” ()€ (y) +BEY (E" (1),
(25)
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L™
m., 1 ™

x = myka, v = mka. (27)

1 TE m;
~ TE
a = m. , ﬁ = m].+l , (26)

The prime indicates the derivative of the func-
tion with respect to its argument. The £" (z) and
£ (z) are respectively spherical Ricatti-Hankel
functions of first and second kinds

£ (2) =07 (2), £V (2) = zhP ().

(28)
Here h!" (z) and h!” (z) are respectively spherical
Hankel functions of first and second kinds.

When summed over n, the first term 1/2 in
Eq. (18) corresponds to the diffraction and the sec-
ond term - 1/2R>" to the reflection ray. The third
term is a series which describes the contribution of
all modes of refraction. Each term in the series re-
presents the contribution of that mode which underg-
one (p — 1) internal reflections, and then emerged
from the sphere. We can then choose one or several
terms in the series to study their contributions and

their characteristics.

3 Results and discussions

In this section, DSE is employed to the analysis of
radiation torque exerted on a sphere, and the radia-
tion torque introduced by single Debye mode or mul-
tiple modes are mainly analyzed. The cases of both
linearly polarized beam incidence and circularly po-
larized one are considered. During simulation, we

19 with ra-

assume the particle is a hard polystyrene
dius of 1. 0 pm surrounded by air (m, =1.0). The
wavelength of incident beam is 0. 785 pm, and the
beam-waist radius is 1. 0 pm.
3.1 Linearly polarized beam incidence

We firstly consider the case of linearly polarized
beam incidence. Here we assume the particle is a
absorbing polystyrene with refractive index of 1. 573

—-6.0 x 10 *i. When the whole summation over p
in Eq. (20) from 1 to o , the GLMT results are re-

covered. In fact, when p ranges from 1 to a value
Puex large enough, the results obtained by DSE is i-
dentical to that by GLMT. Our results are firstly
compared with that by GLMT with p,  as parame-
ters. In Fig. 1, we depict the transverse radiation
torque T, versus x, with p ranges from 15 to 100.
It is shown in Fig. 1 that when p =15, the results
is very close to that by GLMT, while when p . =
100, the results is same to that by GLMT. Here p,,,
= -1 and p,,, =0 represent the diffraction and di-

rect reflection, respectively.

17X 10

17X10

max

Fig.1 Transverse radiation torque T

. vs %, for linearly

polarized beam incidence
(a=1.0 pm, A =0.785 pm, w, =1.0 pum,
m, =1.573 -6.0 x107*i.)

We can find from Fig. 1 that the torque for
Puwx = 15 is larger than that for p,, =100 and p,, =
50, while the torque for p, . =20 is smaller than that
for p,.. =100 and p,.. =50. For explanation of such
phenomena, it is necessary to isolate the contribu-
tion of single scattering process to the total torque.

Now we consider the contribution of single p-
mode to radiation torque. Figs. 2 and 3 give the
transverse radiation torque T, versus x, of single
mode with mode p as parameters. From Figs. 2 and
3, we can find that all scattering processes for p =
—1 =5 can produce transverse radiation torque, and
while the directions of torque are different. For ex-
ample, the torques for p = —1 and p =3 is opposite
to that for others. This can be easily expained by
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using geometrical optics. It can also find that the
torques for p = — 1,0 and 1 are much larger than
that for other modes. This is caused by the decrea-
sing of energe with the increasing of interaction be-

tween waves and particles.

15X 10°
) \‘ e p=—1
15X 10°F D == p=0
' \ — p=1
H \
15X 1021 /! N
o
153102} \ /
| ;
1510 \ J
15X 10~ R
4 -2 0 2 4

Fig. 2 Transverse radiation torque T, versus x, (p =
-1,0,1)
(a=1.0 pm, A =0.785 wm, w, =1.0 pm,
m, =1.573 -6.0 x 10 7*i.)

17X 108

17X 104 L

17X10 4

17X 1078 ‘ L
—4 —2 0 2 4

Fig. 3 Transverse radiation torque T, versus x, (p =
2-5)
(a=1.0 wm, A =0.785 pm, w, =1.0 pum,
m, =1.573 -6.0 x107*.)

3.2 Circularly polarized beam incidence

In this section, we focus on the case of circu-
larly polarized beam incidence. During simulation,
we assume the particle is a transparen polystyrene
with refractive index of 1.573.

Similarly, we first depict the transverse radia-

tion torque Ty versus x, with parameters p, (see
Fig.4). From Fig. 4, we can firstly find that when
Duex 18 larger enough, the GLMT results are recov-
ered. It is shown in Fig.4 that the torque for p . =

50 is larger than those for p,, =15, 20 or 100.

23X10°

23X 10°

23X 10

23X 10!

o

23X10

23%10°3 ) .

Fig.4  Transverse radiation torque T, vs x, for circularly

polarized beam incidence
(a=1.0 pm, A =0.785 pm, w, =1.0 pm,
m, =1.573)

In order to obtain the physical explanation of
radiation torque, we calculate the radiation torque
corresponding to single scattering process, namely
single Debye mode p. It is depicted in Figs.5 and 6
for the radiation torque with parameters Debye mode

p- From Figs.5 and 6, we can find that the torques

15X 10%

—_p=1
== p=0

15X 10f

1510 '+ g

15X 1073 N I . L L 1

Fig. 5 Transverse radiation torque Ty versus x, (p =

-1,0)
(a=1.0 pm, A =0.785 pm, w, =1.0 pum,
m, =1.573)
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for p= -1 and 0 are much larger than those for p =
S5 10¢ 1 —4. This can be explained in the same way with
that for linearly polarized beam incidence. We can
2o also find that the direction of torque for p =0 is op-
25X10° | posite with that for other mode p. This can also be
e 0 ey, explained using geometrical optics.
25X10°
asx 101 4 Conclusions
2o T =2 o0 2 DSE is introduced to study of radiation torque exer-
E ted on a homogeneous sphere, and it allows the a-
Fig. 6  Transverse radiation torque T, versus x, (p = nalysis of contribution of single scattering process to
1-4) full radiation torque, and gives the physical mecha-
(a=1.0 pm, A =0.785 pm, w, =1.0 wm, nism of radiation torque. The analysis of radiation
m, =1.573 -6.0 x 10 ~*1.) torque corresponding to single Debye mode p or mul-

tiple modes is of great importance to the improve-

ment of optical manipulation.
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