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Differential interference theory of vortex beam at interface reflection
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Abstract: Weak measurement technique based on weak-value amplification offers an effective method to de-
tect the tiny spin splitting in the photonic spin Hall effect. However, its performance is constrained under
conditions of strong coupling or near-orthogonality between the pre- and post-selected states. Based on dif-
ferential interference theory, this work establishes a relation between the spin-dependent displacement and
the amplified displacement for vortex beam with arbitrary topological charge under partial reflection at an
air—glass interface. The relation remains valid even under strong-coupling conditions or when the pre- and
post-selected states are nearly orthogonal, and is applicable for arbitrary incident linear polarizations. The
corresponding characteristics of vortex beam reflected at an air—glass interface is systematically analyzed,
and the influences of key parameters including the incident angle, topological charge, incident polarization
state, post-selection angle, and propagation distance on the amplified displacement are elucidated. This study
provides a valuable theoretical foundation for the applications of vortex beam in precision optical measure-

ment and optical micromanipulation.
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1 Introduction

The photonic spin Hall effect (PSHE) refers to
the tiny splitting of left- and right-handed circular
polarization components in a light beam upon re-
flection or refraction, caused by spin-orbit coup-
ling!"*). This effect provides a powerful platform for
studying fundamental spin—orbit interactions in
photonics and offers promising applications in nano-
photonics®®, phase reconstruction®'”, and image
processing"'""¥l. However, the magnitude of this
spin-dependent displacement is typically at the sub-
wavelength scale, posing a significant challenge for
direct experimental detection.

Weak measurement provides a feasible meth-
od for accurately amplifying and measuring this tiny
displacement, relying on the critical condition that
the probe wave function remains almost undis-
turbed during the measurement procedure!™.
However, this condition is often not satisfied in
some practical scenarios, such as in the strong-coup-
ling regime or when the pre-selected and post-selec-
ted states are nearly orthogonal. To overcome these
limitations, a modified weak measurement scheme
has been proposed™”, but it introduces an ambiguity
in the definition of the weak value. The weak value
in standard weak measurement is well-defined, as it
can be directly computed from the pre-selected and
post-selected states of the system and the system’s
observable operator. By contrast, the weak value in
the modified weak measurement scheme is ob-
tained from the ratio of the amplified displacement
to the initial displacement. This approach adapts the
measurement model to fit specific scenarios without
refining the definition of the weak value under fail-
ure conditions, making it impossible to interpret the
formation mechanism of the amplified displace-
ment from the weak-value perspective.

Notably, vortex beam possess intrinsic orbital

[16]

angular momentum (IOAM)"°, a fundamental fea-

ture that distinguishes them from Gaussian beam

and endows them with unique advantages in explor-
ing spin-orbit coupling. Despite the great signific-
ance of detecting the PSHE in vortex beam, such
studies either continue to adopt weak measurement
methods or only focus on polarization in one specif-
ic direction"”. In fact, the detection of the PSHE
with arbitrary linearly polarized states also requires
a modified model. In this work, we propose a differ-
ential interference scheme for detecting the PSHE of
vortex beam, which effectively overcomes the limit-
ations of weak measurement and is applicable to all
incident polarization states. Based on this scheme,
we rederive the relation between the spin-depend-
ent displacement and the amplified displacement,
verify that the pre- and post-selection measurement
protocol remains valid even when weak measure-
ment breaks down, and clarify the formation mech-

anism of the amplified displacement.

2 Theoretical formulations

This section is devoted to a theoretical model
for detecting tiny displacements using differential
interference. We consider a Laguerre-Gaussian
beam undergoing partial reflection at an air-glass in-
terface, as shown in Fig. 1. The angular spectrum of
an arbitrarily linearly polarized Laguerre-Gaussian

beam with radial index p = 0 is formulated as

Fig. 1 A schematic diagram of the transverse 6, and lon-
gitudinal ¢, spin splitting of an arbitrary linearly po-
larized Laguerre-Gaussian beam incident on an in-
terface. Solid green and red lines indicate the left-
handed and right-handed circularly polarized com-
ponents in the reflected light, respectively, and
dashed lines represent spin-independent global dis-

placements.
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Ein (kix, kiy) = Nl[_ikix + Slgn (l) kiy]lll X

zp (K2 + K2 ,
exp[——R( — ly)“ cosa, } (D

2k, sinq;

wglﬂ/,/zm—lnuu is the normalization

constant. [ is topological charge, w, is the beam

where N, =

waist radius, zg = ©wj/A is the Rayleigh range, k, is
the wave number of the incident beam in vacuum,
and a; denotes the polarization angle.

After the beam is reflected at the interface, the
transformation of the angular spectrum can be de-

scribed by the reflection matrix, which is given by

k; ki,
rp+—r, —= (r, +r,)coth,
R ko ko
iy ix ’
—k_o(rp-l-r‘v)COtei r3.+k—0r.‘,

2

where r, and r, are the Fresnel reflection coeffi-
cients for p- and s-polarization, 6; is the incidence
=0r,/06;, k;, and k;, are

the transverse numbers. Hence, the angular spec-

angle, r,’ = 0r,/06; and r,

trum of the reflected beam is

l’ijr (er’ kn) :R : Ei (kim kiy) =

(1 =k, .Ap)r,cosa; +k,Oyrsina;—
kyyour,cosa; + (1 =k, Ay) rysing;

ZR (kfx + kfy) } %

Nexp [— T
0

[ik, + sign(l) k,y]'l| , (3

in which the boundary conditions k,, = —kiy, k., = ki,
have been used, and Ay = (dlnr,)/(k06;), Ay =
(0lnry) [ (kod6,), 6y = (r,+r;)cotd;/ (kor,), v =
(r, +r;)cotd;/ (kory).

Under the paraxial approximation, inverse

Fourier transformation gives the reflected field

2 ZR
f(-xrsyra r) \’n|l|‘ W(ZR+er)

ex ko (x +y;)
2(zR +iz,)

{ﬁwwﬁ%wm%",(w

wo (zg +iz,)

0
E" (x,,y,,2,) =[r,,cosoz,- (f+ iNy 8){ ) -

0
irsdvsina/i_f:|ex N (5)
0y,

0
EY (xr’yrazr) Z[rsSinai (f+ lAV 6f ) +

r

a
irp(SHcosa/ig}e_v , 6)

Here z, is the propagation distance. In the spin
space, we have e, =(e, +e_)/ V2 and e,=ile_—e.)/
V2. Thus,

E..(x.yz) - L

V2

[f(rpcosa,- Firgsing;) +

of . .
P (ir,Agcosa; £ rAysing;) +
:

(—ir,dysina; £ r,6ycosa;) e.

v

Ay,

For each circular polarization component, the

initial displacement of the beam centroid is given by

JJ A vz P dy,

A= [J 1B« ey 2P dx,dy,

(8

where r = (x,,y,). The results of the calculation are

19, + 06, — — (1 + 1) O,

Ax, = ZR , 9
1+ D,
19, — 06, + 2= (1 + [N
-0, -0, +— :
Ay = "z ’ (10
r 14D, ’
in which

~ rAp +riAvtan’a; T (6y — O6y)tana;

sYy —

2 4 2tan? 2 4 2tan?
r, +ritanca; r, +ritanta;

_rr(Ag=Ay)tane; oy +ridytan’e;

2 4 y2tan? 2 4 y2tan?
r, +ritan‘a; r, +ritan‘a;

1+l 72 (A7 +63) + 17 (AL + 67 tan’;
0= >
wo

2 4 12tan?
r,+ritanca;

where o0 =+1 and o =-1 correspond to the left-
and right-handed circular polarization, respectively.

When 6; is far from the Brewster angle 65, leading
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to (A%, +67,)<<wj, we get Dy<<1, hence D, can be
neglected. However, for vortex beam with large to-
pological charge, D, may become non-negligible
even when 6; is far from 6. The displacement 0§,
and 06, marked by o originates from spin-orbit in-
teraction, and the displacement /i, [{}, marked by /
arises from orbit-orbit interaction, which is referred
to as the orbit-orbit Hall effect!'**". The topological
charge [ couples the displacements in the two direc-
tions, with a coupling strength dependent on /. We
focus mainly on the spin-dependent displacements
and set Ax™ = 078,/ (1 + Dy), Ay? =—06,/ (1 + D).

The reflected optical field is decomposed into
orthogonally polarized horizontal and vertical com-

ponents, E and EY

7, as given by Eq. (5) and Eq.
(6), respectively. Then, we project E¥ and EY onto
a linear polarization axis at an angle g relative to
the x,.-axis. The output electric field is thus ex-

pressed as
E,=E/+E/ =cosBE” +sinBEY .  (11)

The projection angle S is set to be nearly or-
thogonal to the polarization direction of the reflec-
ted field, i.e., 8 =vy+n/2+¢&, where y = arctan(r,/
rptana;) denotes the polarization angle of the reflec-
ted field and & is post-selection angle. The corres-
ponding light intensity distribution is given by
Iy = |Eoyl?, from which the beam centroid posi-

tion can be derived as

ﬂ rlou (x,y) dxdy

Hlout (x,y)dxdy 12)

(r)y=

where r = (x,y). The amplified displacements can be

expressed as

IRe(C*A) — Im(B*A) — j—’(l +]I)Re(B*A)
R

(x) = ,
T+l
|A* + ——(BI* +|C[*)
Wo
(13)
_IRe(B*A) - Im(C*A) — Z2(1 + |INRe(C*A)
V4
0y = T+ - ’
|A]2 + = (B +ICP*)

0

QD)

where

A =r,cosacosf +r,sinasing
B = r,Aycosacosf + ryAysinasing

C = r,0gcosasing — r,dysinacosf

The above amplified displacements are de-
rived for the general case, applicable to both total
internal reflection and partial reflection. For aniso-
tropic interfaces, such as those coated with two-di-
mensional materials, the differential interference
framework remains applicable provided that appro-
priate reflection coefficients are adopted. In partial
reflection, where the Fresnel reflection coefficients

are real, Eq. (13) reduces to

1(6,cote +8,) + = (1 + [I]) (8,cote + B,
ZR

(X)pr = — 1+D, s
(15)
1(6,cote +19,) — — (1 +I]) (5,cote +13,)
— _ ZR
(Mer = 1+D, >
(16
where

1+
D, = —2” [(6,cote + 1) + (,cote +9,)°],
W,

0

Similarly, when 6; is far from 6z and & is not
too small, D, can be neglected, and Eq. (13) re-
duces to the conventional weak measurement for-
mula. Note, however, that for large [/, D; may be-
come significant, in which case the full denominat-
or should be retained. In comparison with Eq. (9),
only the initial spin-dependent displacements are
amplified, while the topological charge [ also in-
duces coupling between the initial spin-dependent
displacements, with the coupling strength propor-
tional to /. If we only consider the incident Gaussi-
an beam with a; =0° or a; =90°, and we can ob-
tain zero longitudinal displacement amplification,
which is consistent with the previous results a cer-
tain extent”’. When [#0, due to the coupling
between longitudinal and transverse displacements,
longitudinal displacement amplification is achieved
even for incident beam with horizontal or vertical

polarization.
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To clearly illustrate the formation mechanism
of the amplified displacements, we consider a rep-
resentative case with /=1, a; =0°, 6,=45°, and
&£ =1°,and perform calculations with the observa-
tion plane set at z, = 2zz. The normalized intensities
of E,’ and E,” are displayed in Figs. 2(a) and 2(b),
respectively, and their phase distributions are shown
in Figs. 2(d) and 2(e). The E,’ arises as an ortho-
gonal polarization state component generated by
interface reflection of the finite beam, which is
then isolated through polarization post-selection.

The phase difference between them is presented in

(@ (b)

(©
1.0 1.0
(8)
0.8 0.8 \
0.6 . 0.6 |Eom|2
0.4 0.4 )
&
02 % 02 M

Fig. 2(f). It is nearly zero for y <0, leading to con-
structive interference, and approaches +n for y > 0,
leading to destructive interference, which ultimately
producing the asymmetric intensity distribution
shown in Fig. 2(c). In essence, interface reflection
causes a slight relative spatial shift between the two
orthogonal polarization components. When the re-
flected beam passes through a polarizer, these com-
ponents interfere, converting the tiny spatial shift in-
to an intensity imbalance across the beam profile,
which manifests as an amplified centroid displace-

ment.

—IEP
—IE?

n'e) AJIsudiu]

0 0
0 -100 50 0 50 100
B D) —
2 2
121
o
0 & 0
- ’g_ -1
- =
-3 -3
—80—40 0 40 80 —80—40 0 40 80 —80—40 0 40 80 -100  —50 0 50 100
x,/um x,/um X,/um y,/um

Fig. 2 Differential interference diagram with /=1, a; =0°, 6; =45°, z, = 2zg, and e=1°. (a), (b) Normalized intensity of E,’

and E,’, respectively. (c) Normalized intensity after interference between E,” and E,’. (d) (e) Phase distributions of E,’

and E,’, respectively. (f) Phase difference between E,’ and E,’. (g) Normalized intensity along the white dashed lines
in (a), (b), and (c). (h) Phase distributions along the white dashed lines in (f).

3 Numerical results and Discussion

A vortex beam is incident from air onto a glass
substrate with a refractive index of n=1.515, lead-
ing to Brewster angle 6 = 56.5°. Besides the para-
meters given at every figure, the common paramet-
ers are set as the wavelength 1y = 632.8 nm and the
beam waist radius wy = 20 pum.

We validate the proposed model by calculating
the interference-amplified displacement under dif-
ferent parameter configurations. First, we fix £ =1°
and perform a full scan of 6; and «; (each ranging

from 0°-90°). For small «;, the p-polarized com-

ponent dominates, and both the longitudinal and
transverse displacements reverse sign across 83 and
attain an extremum nearby. The calculated longitud-
inal and transverse amplified displacements are
shown in Figs. 3(a) and 3(b), respectively. This be-
havior arises because, even at 6z where r,=0,
0r,/00 remains substantial. As «; increases, the s-
polarized component grows, and the sign reversal
and extremum feature gradually weakens. Second,
we test the model in the regime where pre-selected
and post-selected states approach orthogonality, an-
other scenario where conventional weak measure-
ment is ineffective. We fix 6; =45°, vary ¢ from
—2°-2° and sweep «; from 0°-90° [Figs. 3(c), 3(d)].
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Third, we conduct a complementary simulation for
the near-orthogonal regime: we fix a; =0°, vary &
from —2°-2°, and sweep 6; from 0°-90° [Figs. 3(e),

3(f)]. These results demonstrate that the differential
interference model remains effective in the key re-

gimes where conventional weak measurement fails.

(pm)
30

20

10

-30

Fig. 3 Amplified displacement for /=1 at z, =2z¢: (a), (b) with e=1° fixed; (c), (d) with 6 =45° fixed; (e), (f) with «; =0°

fixed, in each pair, the x,- and y,-direction results are shown in the left and right panels, respectively.

Next, we investigate how the topological
charge affects the amplified displacement. Two
cases are considered: 6, =0 or 6,=0, and ¢, # 0,
0, #0. For horizontally polarized incident light,
0. =0. Eq. (13) can be simplified as

I6,cote+ 22 (1 +|I) Ay

z an

<x>H == 1+RD2 ’

IAy 25 (1 +11) 6 cote

_ ZR (18)

W == 1+D, ’

where
1+l
D, = +2| I(Af, +6%coe).

0

Fig. 4(a) and 4(b) depict the dependence of the

initial transverse spin-dependent displacement on 6;

for different topological charges /=0, +1, £3. This
displacement depends on |/|. When 6; is far from the
0z, the D, term is negligible, and the effect of |/| re-
mains insignificant. In contrast, near 6z, however,
D, becomes substantial and scales with 1 +|/|, redu-
cing the magnitude of the initial transverse displace-
ment as |/| increases. Fig. 4(c) and 4(d) show the
amplified longitudinal and transverse displacements
at z, = 2zp with & = 1°. Fig. 4(e) presents the intens-
ity distributions at 6; = 30°, 45°, and 60°, where the
longitudinal and transverse amplified displacements
are clearly distinguishable. With increasing
propagation distance, however, (z,/zz)(1+|l|)Ay
gradually dominates the longitudinal amplified dis-
placement, while ldycote does not increase with
propagation. This ultimately results in (y),;>>(x)y,

meaning the observed beam centroid displacement
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is predominantly transverse. Fig. 5 shows the ampli-
fied displacement as a function of 6; at z, = 10z, to-
gether with the intensity distributions at 6; = 30°,
45°, and 60°. Notably, for p-polarized light and
z, = constant, the influence of |/| on the amplified
displacement weakens as 6; approaches 6. Thisoccurs
because D, becomes non-negligible near 6z, can-

celing the 1+]/| factor in the numerator. We further

— =0 —|I=0 —|I=3
(a) (b)
3000 3000 ’
g 1 500 g 1500 =
e 0 En 0
Z —1500 = -1500
~3000 ~3000
0 30 60 90 0 30 60 90
—|l=£1 ==|[|=%3
0 30 60 90 0 30 60 90

0/(°) 6/(°)

Fig. 4

calculate the amplified displacement as a function of
& (with 6; =45° fixed) for different /. Fig. 6(a)—(c)
show amplified displacements and the correspond-
ing intensity profiles for /=0, 1, +3 at £=0.1°,
0°, and —0.1° (with z, =2z), and Fig. 6(d)—(f)
present the analogous results for z, = 10z; in the

same sequence. Both the longitudinal and trans-

verse amplified displacements increase with |/].

Initial and amplified displacements for vortex beams with a; =0° and /=0,+1,+3, calculated at z, =2zz and £=0.1°.

(a), (b) Transverse initial displacement (left-handed component) versus 6;, respectively. (c), (d) Longitudinal and trans-

verse amplified displacements versus 6;, respectively. (e) Intensity distributions for 6; = 30°, 45°, and 60°.

0 30 60 90 0 30 60 90
0/) 0/)
© =3 _I—1____I=0
A
@

=
0,

=1 =3
au
! -!! |
L
xr

Fig. 5 Amplified displacements at z, = 10zg with £=1°, as
functions of ¢; for vortex beams with «; =0° and
1=0, £1, £3. (a) Longitudinal and (b) transverse
amplified displacement. (c) Intensity distribution at
6; =45°.

As ¢ approaches 0°, the denominator factor D,
also grows from negligible to much larger than
unity, canceling the 1+l factor. With increasing
propagation distance, the transverse displacement

far exceeds the longitudinal one, making the trans-

verse component the dominant contribution to the
beam centroid displacement. It is worth emphasiz-
ing that the formula in Eq. (14) recovers the results
of previous studies when the topological charge is
set to /=0!'""% When 6, #0 and &, # 0. Eq. (13)

can be simplified as

16, + 2 (1 +11)86, | cote
< > | ) ZR ] (19)
WV 1+ D, ’
15, 2 (1+])6 | cot
N e (20)
7= 1+ D, ’
where
1+
D = | l[(é).cote)z +(8,cote)’]

2
W

When z, is on the order of zz, the coupling
term is non-negligible. As the propagation distance

increases further, the propagation term gradually be-
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comes dominant over the coupling term, and the
variation of the amplified displacement with 6; in
each direction, thus grows increasingly similar to
that of the corresponding initial spin-dependent dis-
placement. When we consider the incidence of a
fundamental Gaussian beam with [ =0, we arrive at
same result as in previous studies®,

As the absolute value of / increases, the ampli-

fied displacement maintains a quasi-linear depend-

----1=0

ence over a broader range of the post-selection
angle, thereby expanding the linear response region
of the measurement. In addition, in regimes where
conventional weak measurement remains valid, the
differential interference theory yields mathematic-
ally identical expressions for the amplified displace-
ment. Consequently, its signal-to-noise ratio per-
formance is consistent with that of weak measure-

ment.

45
b
(b) 20

15—

0 5 10
&/(°) &/(°)

0] =3 =1 =0 -1

=
g ---- |
S
M_;
P
\_qu

0

o
Yr ?
I
«©
X,

Fig. 6 Amplified displacements versus post-selection angle & for vortex beams with /=0, £1, 3, under a; =0° and 6; =45°.

(a), (b) Longitudinal and transverse displacements at z, = 2zg. (¢) Intensity distributions at £=0.1°,0°, —0.1° (z, = 2zg).

(d), (e) Longitudinal and transverse displacements at z, = 10z . (f) Intensity distribution at z, = 10zg.

4  Conclusion

This paper proposes a differential interference
method to systematically investigate the displace-
ment amplification mechanism of vortex beam un-
der arbitrary linear polarization upon reflection at an
air—glass interface. The derived analytical relation
between the amplified displacement and the initial

displacement not only surmounts the inherent limit-
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