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Suppression of the influence of atmospheric turbulence during the

propagation of a twisted Laguerre-Gaussian correlated beam

ZHANG Ying'?, MA Chao-qun', ZHU Shi-jun?, LIU Xiao-xu', CAI He', AN Guo-fei', WANG You'
(1. Southwest Institute of Technical Physics, Chengdu 610041, China;
2. School of Science, Nanjing University of Science and Technology, Nanjing 210094, China)

Abstract: During its propagation in atmospheric turbulence, the optical properties of a laser beam will be
changed by the surrounding environment. Compared with a completely coherent laser, a partially coherent
laser can more strongly resist the influence of atmospheric turbulence. In this paper, a twisted Laguerre-Gaus-
sian correlated beam was employed to deduce a cross-spectral density function for propagation in atmospher-
ic turbulence. The cross-spectral density and M? factor were also constructed by using the extended Huygens-
Fresnel diffraction integral principle, Wigner distribution function, basic properties of the twisted phase, and
power spectrum model of non-Kolmogorov turbulence. Then, the influence of atmospheric turbulence on the
beam was numerically simulated, and the results were compared with those for different twist factors, trans-
verse coherence parameters and mode orders. It has been demonstrated that a beam with a high twist factor,
low transverse parameter, and high mode order can be used to effectively suppress the influence of atmo-

spheric turbulence.
Key words: atmospheric turbulence; twisted phase; partially coherent; extended huygens-fresnel principle
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1 Introduction

In the process of free-space transmission, the
laser beam will be affected by atmospheric turbu-
lence, resulting in beam drift, light intensity scintil-
lation and other phenomena that may degrade the
beam transmission quality. Therefore, suppressing
the influence of atmospheric turbulence through
light field regulation has become an important re-
search subject!"™. Researchers have found that the
suppression effect of partially coherent light on at-
mospheric turbulence is stronger than that of com-
pletely coherent light. The theory of partially coher-
ent light with twisted phase has been developed rap-
idly in recent 20 years. The concept of twisted phase
was originally proposed by Simon and Mukunda et
al. in 1993, and could not be decomposed into the
product of two one-dimensional coordinate paramet-
ers at that time. Meanwhile, they theoretically con-
structed the theoretical module of twisted Gaussian
Schell-model beam, and analyzed the transmission
characteristics of this new beam™™. In 1994, Friberg
et al. combined previous theories with the first ex-
periment in this regard to obtain the twisted Gaussi-
an Schell-model beam, but their experimental optic-
al path was complex with poor repeatability”. Be-
cause the magnitude of twisted-phase factor was
limited by positive definiteness, not all beams could
carry the twisted phase. Since then, the research has
been limited to the common coherent beams. It was
not until 2007 that the situation changed. In 2007,
Gori et al. proposed the positive-definiteness criter-
ia for the theory of reproducing kernel in Hilbert
space, which provided an important theoretical sup-

port for the exploration of coherent structure in new

doi: 10.37188/C0.2020-0138

stochastic light field®™. Later, Borghi and Gori pro-
posed the twisting conditions of axisymmetric
Schell-mode correlated beam in 2015, Then in
2018, they proved that the beam twisting was only
related to the coherent structure of light field. They
also provided the criteria for determining whether
the coherent structure could carry a twisted
phase!'"'. By constructing a new coherent structure
to regulate the phase, the anti-turbulence capability
of the twisted beam can be further enhanced. In ad-
dition, the beam can carry orbital angular mo-
mentum!*"], thus possessing an important applica-
tion prospect in the fields such as free space optical
communication, optical imaging and nonlinear op-

14-16

tics!"*'?. As a novel beam with special correlation

structure, Laguerre-Gaussian correlated (LGC)
beam has received extensive attention from re-
searchers in the application fields such as free space
optical communication and optical capture. To study
the suppression effect of a laser beam with special
correlation structure and twisted phase on atmo-
spheric turbulence, the Twisted Laguerre-Gaussian
Correlated (TLGC) beam was specially chosen by
this study to deduce the cross spectral density func-
tion and beam quality factor of this laser beam in at-
mospheric turbulence and to analyze its transmis-

sion characteristics.

2 Theoretical derivation

2.1 Derivation process

From the cross spectral density function at the
source point of TLGC beam as well as the expan-
ded Huygens-Fresnel diffraction integral formula
and the atmospheric turbulence model, we derived

the cross spectral density function and beam quality
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factor M of the propagating beam. To visually dis-

play the theoretical derivation process, the flow

chart of theoretical derivation is given below, as

shown in Fig. 1.

Cross spectral Expanded

Non-k spectrum

Cross spectral function (7) in
propagation

density function
—]
at the source

Huygens-Fresnel

turbulence condition |
I formulas (3)-(6)

point (1)

diffraction integral
formula (2) —L

formulas

(8)-(10)

Sum-difference

Wigner Second-order M? factor
—(functions (11)|—{ matrices | formulas (17)
(12) (13)-(16) (18)

Fig. 1
1

2.2 Cross spectral density function

If the beam propagates along the +z axis and
the TLGC beam is located in the source plane
(z =0), the cross spectral density function of any set
of position vectors r, = (x,,y,) and r, = (x,,y,) can

be expressed as:

n+n_(n-r)

407 o’

W, (r,,r,;;0)=exp|—

Lm|:(r]6_ 2) }exp[ ki (x,y, — xzyl)] » (D

where o, is the beam waist width, ¢, is the cross-
sectional coherence, L, is standard Laguerre polyno-
mial of the m-th order, k is the wave number, u is
1 1 ok
L1 ok
& 82 . 20, 2
Under the paraxial approx1mation condition,

the distortion factor, and —

the cross spectral density function W(p,,p,) =
(E*(p,2)E(p,,z)) of a beam propagating for a dis-
tance of z in atmospheric turbulence can be ex-
pressed as the following equation by using the ex-

panded Huygens-Fresnel diffraction integral'”>":

W (p..p:i2) = (%) [[]f Wt rs00%
exp{_iz_lz [(rl _pl)2 —(r, _pz)z]}x

(exp[¥(r,p)+¥ (r,,p,)D, drdr,, (2)

where “<>" represents the ensemble average; “*”
represents the complex conjugate; p, = (u,,v,) and
P, = (u,,v,) constitute any set of position vectors in

the receiving plane; ¥ is the random term of com-

Flow chart of theoretical derivation
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plex phase when the spherical wave is transmitted
from the source plane to the receiving plane in at-
mospheric turbulence. The exponential term con-

taining the conjugate part can be written as™!!:

(eXp [\P(rnp )+\P* (rz,pz)]>m =

exp{—4n’k’z JJ 1-
Jo (klu(r, —r) + (1 —u)(p,
O, (k,a)dudx}

-p)Dx

(3
where @, (k, @) is the power spectrum function of re-
fractive index fluctuation of turbulent medium, « is
the two-dimensional spatial frequency, and J, is the
first class of zero-order Bessel function. If
klu(r,—ry)+(1 —u)p, -

imately expressed as”*:

Jo (klu(r, —r) + (1 —u)(p, — p,)|) =
1
1- Z(K|u("1 —r)+1-uw)p, -p,))’

p)l < 1, J, canbe approx-

4

According to Tosell's non-k spectrum turbu-
lence theory, @, (k,@) can be expressed as!'”:

exp[—«*/k; ]

D, (k,@) = A(@)C: X ———
K+ K

0<k<o0,3<a<4 , (5

where « is the power index; «, = 2n/L,, k,, = c(@)/l,;
L, and [, respectively represent the outer and inner

scales of turbulence; C* is the generalized refrac-
tive index structure constant, in m*<; A(@)= ey

T
T(a- 1)005(%), c(@) = [27(5 — a/2)A@)/3]",

where I'(-) is Gamma function.
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The substitution of Eq. (4) and Eq. (5) into

Eq. (3) can obtain:

<€Xp [LP (rl,Pl) +¥ (rz’pZ)]>m =

2712

3
(ri—r)p —-p)+PE-p)'l (6)

eXP{— Z[(rl _r2)2+

k 2 m P
o (S5

p=0  n=0
nzszz ok
L + 112 )
€X <X
7, P P

where H, (-) is a Hermitian polynomial of the m-th
1 ok ok wkTz

order; C= — +—+ + + L=
’ o2 & 2 222 37

ik ok’ ok’ kT z ik
—u, + — 'uvd+ T u, and II, = —v —
z z z* 3 z
ok? ok wk’Tz

o H u,+ v, — v,.

z z 3

2.3 Beam quality factor

The beam quality factor M is an important in-
dex to evaluate the beam transmission quality in at-
mospheric turbulence. Based on the second-order
matrix of Wigner distribution function, the factor A/
of TLGC beam is calculated below. To simplify the
calculation, the coordinate substitution is carried
out, namely: p, = (p,+p,)/2 and p,=p, —p,. Then
the Eq. (2) can be written in the sum-difference

form:

W(p..psz) = (ﬁ) [[fJ w.rr; 00

exp[i;k(ps_rs)(pd_rd) X

212

exp [— z (r+ry pg +pj)] d&rdr, . (&)
By using the algorithm proposed in the refer-
ence [23],

P+ 2Ky [k = (uy+ 2Ky, [k, v, + 2Ky, k). Then the Eq. (8)

we denote r,=r =(x,y) and r,=

can be expressed as:

)X(pl P

A(a)C2 K a K
h T = 20 r2-=2|-
where 2(a/ 2) [/3 xp( ) ( ) KZ)

2], B =2k -2 +a2’, where T,(-) is incom-

m>

m

plete Gamma function.

After substituting Eq. (6) into Eq. (2) and solv-
ing a series of integrals, the cross spectral density
function of TLGC beam at the transmission dis-

tance z can be obtained:

2n'o;

X —
2rpl5, " Cr

(i 12 2
2(p—m) 2'\/6 2m 2»\/6 1)

W (p.piid) ( ) JII1 (s Zrc0)
p[ zszz(z 137
[

r)k|drdr,

k

Kd+3pd)
Xplite.~ 9

where , = (k4. ky) 1S the position vector in space-

frequency, and the cross spectral density function in

the source plane is:
, z 1 z \
W, (rs,pd + de;O) =G,XL, 25 (pd + kkd)
r’ 1 1 ( . )2 y
P 7252 "8 T 257 )P kK“
(b ) (0 2 )
exp k| y (s + Koo | =X Vit LKy (

The Wigner distribution function of partially

10D

coherent light can be obtained through the two-di-
mensional Fourier transform of cross spectral dens-

ity equation, i.e.:
k 2
h(p,,0,z) = (—) X
2n

fW(ps,pd,z)exp(—ikO-pd)dzpd, (1)

where 0 =(0,,0,) is the angle between the corres-
ponding vector and the z axis, and k6, and k6, are the
components of the wave vector on the x axis and y

axis respectively. By substituting the equations (9)
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and (10) into Eq. (11), the Wigner distribution func-
tion of TLGC beam after passing through atmo-

spheric turbulence can be expressed as:

.05 [

exp (ip, -k, — k8- p, — ap; — bp.k, — cK) X

1 z Y
L, [2_63(pd + ;Kd) }

exp [—kuo (ugky — viky) | .0y

(12)
O-g 2,,2 2712 2 2
where a = ?k,u +k’Tz+ 80 +2_6§’ b=okir'z+
z z o o 2
+-—+mkTZ and c= =2+ —"+ +
dhoe ke TR AN CE T T o
7z Tz K
+
2067 3

The n, +n, + m, + m,-order matrix of the Wign-
er distribution function of partially coherent light is

defined as**!;
<x“1 y“z 0/"1 0/"2> —
1
T H XyRem et h(p,0,2)dp,d0 ,  (13)

where I:f h(p,,0,z)dp,df is the total irradiance
of the beam. By substituting the equations (11) and

er distribution function of the TLGC beam in atmo-

spheric turbulence can be obtained:

Py =) +(v)) =
2[2m+1) 1 4AwkT:
— + + +
el s 207 3

20020 + 20, (14

@) =(@)+(¢) =
1 [2(n+ 1

+47°k’ Tz] +20%8
15

+
k|l e 20

<I)5 . 0) = <u.\-6x> + <V»\9y> =

2n+1) 1
+
& 20

z

-5

+2k’ Tz} =207z,
(16)

The factor M? of partially coherent beam after
propagating in atmospheric turbulence is defined as

the following second-order matrix™:

M (2) = k({p>) (&) — (p,- )" . an

By substituting the equations (14), (15) and
(16) into Eq. (17), the factor M* of TLGC beam after

propagating in atmospheric turbulence can be ob-

(12) into Eq. (13), the second-order matrix of Wign- tained:
27 z 2y 1/2
n+1)+——+ 2z z T
2J2 2 +1)+ + - +1)-
MG =k j@’j . 20k | lee D et T e D T e (18)
Tz 202271 + 207 | 4Tz + 200 —20°TZ =201’z

3 Numerical calculation and result

According to the theory of partially coherent
light, the average light intensity of the beam arriv-
ing at the receiving surface is defined as
I(p) = W (p,,p,). Based on the above definition, the
average light intensity distribution of TLGC beam
in atmospheric turbulence can be studied. When the
parameters of laser beam and atmosphere are not
given specifically, they can be selected as follows:
A1=632.8nm, o,=2cm, u=05km”, 6, =5 mm,
m=2, a=33 C*=25x10"m™,
L,=1m.

l, =1 mm,

The average light intensity distribution curves

of TLGC beam at different transmission distances
are shown in Fig. 2. The average light intensity dis-
tribution of the beam near the source plane is Gaus-
sian distribution. With the increase of distance, the
beam is gradually hollowed due to the reciprocity
between the initial coherent structure of light source
and the far field intensity. When the propagation
distance further increases, the average light intens-
ity of the beam will be gradually degraded into
Gaussian distribution under the influence of atmo-
spheric turbulence. In addition, the order m of TL-
GC beam will affect the rate of change of average
light intensity distribution over distance. If m = 0,

the TLGC beam will be degraded into the twisted
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Gaussian Schell-model beam. The higher the order
m is, the flatter the light distribution curve will be.

This indicates that the higher-order beam has a

L0 () 2=0.1 km

- m=0
v =1
0.8 vmm =2
f
g
£06
=}
N
= 041
£
5]
Z
0.2
O I I n
-0.10 —-0.05 0 0.05 0.10
u/m
1.0 [(c) z=5 km - =0
v =1
0.8 ren m=2
2
g
£ 0.6
o
8
= 04|
£
=}
Z
0.2
o 7 . :
-0.6 -0.3 0 0.3 0.6

stronger suppression effect on atmospheric turbu-

lence.

N S o
B N o0
T T

Normalized intensity

e
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T

0 L L #
-0.6 -0.3 0 0.3 0.6
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-5.0 -2.5 0 2.5 5.0

Fig. 2 Average light intensity distribution of a TLGC beam in atmospheric turbulence at different propagation distances
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To analyze the influence of beam parameters
and atmospheric parameters on turbulence suppres-
sion, we analyze the influence of the following para-
meters on average light intensity distribution at
z =5 km (see the Fig. 3): (a) power index «; (b) tur-
bulent outer scale L, and turbulent inner scale [;;
(c) distortion factor u; (d) cross-sectional coherence
degree §,. The influence of atmospheric parameters
on beam propagation is shown in Fig. 3(a)—(b).
When the power index « and the turbulent inner
scale [, are smaller or the turbulent outer scale L, is
larger, the light intensity distribution will be conver-

ted into hollow distribution more quickly. In other

words, the stronger the turbulence is, the more obvi-
ous the variation trend of light intensity distribution
will be. This is consistent with the conclusion in ref.
[19], and also verifies the validity of the numerical
calculation in this paper. The suppression effect of
beam parameters on atmospheric turbulence is
shown in Fig. 3(c)—(d). When the distortion factor u
is increased or the cross-sectional coherence degree
0, 1s decreased, the transformation of light intensity
distribution into hollow distribution will be slowed
down, indicating that the influence of atmospheric
turbulent environment on light intensity distribution

will be suppressed.
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Fig. 3 Average light intensity distribution of a TLGC beam in atmospheric turbulence at z = 5 km changing with different

parameters: (a) power index «; (b) turbulent outer scale L, and turbulent inner scale /;; (c) distortion factor ¢ and (d)

cross-section coherence &,

B3 A R — R Rz = 5 kmAE AR RIZHEEN T - F 20t a1 . (a) ARSI e ; (b) Tt SN Ly Fildi

TARBEL; ()4 5 (d) BERTETAR TS,

The Fig. 4 shows how the normalized factor M*
of TLGC beam varies with the beam parameters and
atmospheric parameters. The smaller the factor M*
is, the higher the beam quality will be. From
Fig. 4(a), Fig. 4(c) and Fig. 4(d), it can be found that
for the beam with a higher order m, its M* factor
changes more slowly and is less affected by turbu-
lence. As shown in Fig. 4 (a), with the increase of
the power index «, the normalized factor A* will in-
crease rapidly at first and then decrease slowly,
achieving the maximum value near @ = 3.11. This is
because the atmospheric turbulence is strongest near
a = 3.11, producing the greatest effect on the beam.
It can be seen from Fig. 4 (b) that the beam quality

will decline with the increase of propagation dis-

tance in atmospheric turbulence. However, the in-
crease of M* factor can be slowed down by increas-
ing the turbulent inner scale /, or decreasing the tur-
bulent outer scale L,, that is, by weakening the influ-
ence brought by atmospheric turbulence. In addi-
tion, compared with the decrease of the turbulent
outer scale L,, the increase of the turbulent inner
scale /, has a more significant suppression effect on
atmospheric turbulence. It is not difficult to find
from Fig. 4(c) and Fig. 4(d) that with the increase of
the distortion factor and the decrease of the coher-
ence, the factor M* will be reduced and the beam
transmission quality will be degraded, which is con-

sistent with the conclusion of the previous analysis.
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4  Conclusion

Based on the expanded Huygens-Fresnel prin-
ciple and the Wigner function distribution, the neg-
ative effect of TLGC beam on atmospheric turbu-
lence is investigated and suppressed. It is found by
numerical simulation that the negative effect of tur-
bulence on beam transmission quality can be effect-
ively reduced by appropriately increasing the distor-
tion factor of laser beam or decreasing the coher-
ence of initial light field. For the TLGC beam, its

—— SO R ——

1 3l

e

POLTE A R 23 6] AL e A v 2 Ui Y

transmission quality is affected by both beam para-
meters and atmospheric turbulence parameters. The
TLGC beam with higher order, larger distortion
factor and lower coherence has better transmission
quality in atmospheric turbulence. However, the
beam transmission quality will be degraded in the
atmosphere with a larger turbulent outer scale and a
smaller turbulent inner scale. The conclusion of this
paper has certain theoretical guiding significance for
the atmospheric communication and long-distance

transmission of laser beam.
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