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Abstract: By introducing noncanonical vortex pairs to partially coherent beams, spatial correlation singular-
ity (SCS) and orbital angular momenta (OAM) of the resulting beams are studied using the Fraunhofer dif-
fraction integral. The effect of noncanonical strength, off-axis distance and vortex sign on spatial correlation
singularities in far field is stressed. Furthermore, far-field OAM spectra and densities are also investigated,
and the OAM detection and crosstalk probabilities are discussed. The results show that the number of dislo-
cations of SCS always equals the sum of absolute values of topological charges for canonical or noncanonic-
al vortex pairs. Although the sum of the product of each OAM mode and its power weight equals the algebra-
ic sum of topological charges for canonical vortex pairs, the relationship no longer holds in the noncanonical
case except for opposite-charge vortex pairs. The changes of off-axis distance, noncanonical strength or co-
herence length can lead to a more dominant power in adjacent mode than that in center detection mode,
which also indicates that crosstalk probabilities of adjacent modes exceed the center detection probability.
This work may provide potential applications in OAM-based optical communication, imaging, sensing and

computing.
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1 Introduction

In the past few decades, there has been sub-
stantial interest in wavefront topology and space-
time topological evolution of optical vortices from
both theoretical and applicative aspects™®. In mono-
chromatic and scalar wavefields, optical vortices in
fully coherent beams are characterized by zero-in-
tensity and helical phase of optical wavefield. For
partially coherent beams, the traditional optical vor-
tices of spectral density or averaged intensity do not
exist. However, a class of special optical vortices
may still exist in cross-spectral density (CSD), or
mutual coherence function, of partially coherent
wavefield, which are referred to as coherence vor-
tices, or correlation vortices, respectively™!!. Actu-
ally, the coherence vortices in CSD contain the
same information as correlation vortices in mutual
coherence function owing to their Fourier transform
relations. Due to its robustness of coherence or cor-
relation singularity, many studies of partially coher-
ent vortex beams have been made in fundamentals

and applications*?*, For example, Gbur et al. have
systematically explored the topological structures
and evolution dynamics of coherence vortices
formed in zero-values of CSD or spectral degree of
coherencel™, Their studies have revealed that coher-
ence vortices can evolve into optical vortices with
an increase of coherence length. Correlation singu-
larities or vortices in cross-correlation functions
have been also investigated by Palacios and Maleev
et al."*%, It was shown that ring dislocations or vor-
tex dipoles of correlation vortices in partially coher-
ent vortex beams with low spatial coherence can be
found. Furthermore, the relations between the num-
ber of ring dislocations of far-field cross-correlation
functions and radial and azimuthal indices have
been studied by Yang et al.'*** 1 More recently,
Cai and Ponomarenko et al.*"! introduced a perfect
correlation vortex that exhibits slow diffraction even
under strong atmospheric turbulence.

On the other hand, it is well known that the op-
tical vortex beams can carry orbital angular mo-
mentum (OAM) of Ih per photon with topological
charge | and reduced-Planck constant h??4, The op-
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tical OAM as a new degree of freedom theoretically
forms the unlimited orthogonal state in Hilbert
space, which establishes wide applications in the
improvement of optical communication®, imag-
ing™®, sensing?”), computing®® and precision metro-
logy™!. Recently, the OAM spectra, modes or flux
densities of partially coherent beams have been
explored by several groupst*1. For example, Bai
et al. have explored the effect of beam ellipticity on
OAM spread and crosstalk in atmospheric turbu-
lence®. The important role of twist factor in resist-
ing degeneration of detection mode in weak and
strong atmospheric turbulence has been also em-
phasized by Wang and Cai et al.®4. Additionally,
the off-axis double vortex beams possessing more
control potentials in OAM have been introduced in
fully and partially coherent fields by Gu et al. and
Liu et al., respectively, where their optical vortices
are both canonical®=%, However, the natural ques-
tion to ask is what happens for their spatial correla-
tion singularities (SCS) and orbital angular mo-
menta if the double vortices, or vortex pairs, are
noncanonical cases and occur with the same or op-
posite charges.

The purpose of this paper is to explore the ef-
fect of noncanonical vortex pairs including nonca-
nonical strength, off-axis distance and vortex sign
on SCS in the far field, and to investigate the vari-
ations of OAM spectra and densities. The results ob-
tained in this paper are different from ring disloca-
tions of SCS in partially coherent Laguerre-Gaussi-
an beams, and find that the traditional equation in
total OAM no longer holds for noncanonical cases,
which may be useful for OAM-based optical com-
munication, imaging, sensing and optical comput-
ing by adjusting multi-degrees of freedom in nonca-
nonical vortex pairs.

2 Spatial correlation singularities of
noncanonical vortex pairs

In the Cartesian coordinate system, the electric

field of noncanonical optical vortex pairs in the scal-
ar beam at the source plane (z=0) can be expressed
by[7]

E(xy;0) = F(Gy)G(xy)exp(i ) ;
where C is an arbitrary phase, G(x, y) is a Gaussian
background profile with waist width wo, F(x, y) is

the function of noncanonical vortex pairs described
by[40]

F(xy) = (x d)+isgn(l)Qy ™
(x+d)+isgn(l,)Qy ™ ;

Here I; and I, are the topological charges of the em-
bedded optical vortices, d is the off-axis distance of
noncanonical vortex pairs in the x-direction, and
sgn is sign function, the complex parameter Q in
Eqg. (2) shows the noncanonical factor of optical
vortices and Q=x1, it is simplified to the canonical
or symmetrical vortex*l, If I, = -I,, the opposite-
charge vortex pairs are identical with vortex dipo-
les.

For the quasi-monochromatic optical field, the
CSD of a partially coherent beam with noncanonic-
al vortex pairs at z=0 can be written as®*?

W( 1, 20)=hE ( ;0)E( 2;0)i ;

where < > indicates an ensemble average of electric
field at two points p;i(Xy, Y1) and pa(Xa, Yo). Assume
that the statistical distribution of arbitrary phase
corresponds to a Schell-model correlator*!

- 2

Clii ad)=exp ji o= ;

where ¢ denotes the transverse coherence length at
z = 0. The far-field CSD of a partially coherent
beam with noncanonical optical vortex pairs fol-
lows the Fraunhofer diffraction integral as®*!

W( 1 2

where A is the wavelength.
To obtain the analytical expression of the far-
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field CSD for higher-order noncanonical optical
vortex pairs, we perform the integral in Eqg. (5) in
the Cartesian coordinate system owing to the asym-
metric profile of the resulting beam, and use the im-
portant recurrence relations described by

_ 0808 W
(@x1) (@%2) (@y) (By2)"

where the zeroth order term of Wy is the integral
part for 1,=1,=0 in Egs. (2) and (5).

Our attention is paid to the far-field SCS given
by x(p)=W(p, —p)=0 due to its robust pattern. It is
widely known that the number of concentric ring-
shaped dislocations in far-field SCS equals the abso-

lute value of topological charge of optical vortex
when the embedded optical vortex is canonical and
in the way of on-axis propagation®*®. What will hap-
pen for the far-field SCS of a partially coherent
beam with off-axis canonical or noncanonical vor-
tex pairs? Fig. 1 (color online) shows the far-field
SCS with canonical vortex pairs and their corres-
ponding theoretical interferograms for different off-
axis distances, where the case of d=0 is also com-
pared. For the case of canonical vortex pairs, one
can find that the ring dislocations of SCS have cir-

cular symmetries, where their intensities are zero
and their phases also exhibit m-jump across the ring
dislocation boundaries in Fig. 1(d) and 1(e). For
d=0 the number of the concentric ring-shaped dislo-
cation is equal to

N =hj+k
It can be seen that in Fig. 1(a) the general for-
mulas of two ring radiuses are

M=

with t=1+0%wg%. For the case of I;=+1 and I,=+2 in
Fig. 1(b), their general formulas of three ring radi-
uses can be described by

21=3 f2
3

M3 =f;

with

?:&

i
\

»maummnwm

mma—-

—

Fig. 1 Far-field spatial correlation singularities. (a)-(c) Partially coherent beams with canonical vortex pairs and their corres-
ponding theoretical interferograms (d)-(f) at z=50 z,, 0=w,, Q=1. (a) and (d) d=0, l,=l,=+1; (b) and (e) d=0, I,;=+1,

1,=+2; (c) and (f) d=0.7wy, I;:=l,=+1
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Here the signs are ““~" and ““~"" for ry, “+” and
“=" for r, “+” and ““+” for ry in sequence.
However for d£0, for example d=0.7w, in Fig. 1(c),
the circular symmetry in dislocation can be broken,
and their concentric dislocation rings are separated
into two ellipses due to an increase of off-axis dis-
tance. For I;=l,=+1 the dislocation numbers of SCS
in d=0and d=0.7w, still remain unchanged for its

robustness, and their values always equal N=2.

Their phases of SCS in Fig. 1(a)-1(c) also exhibit -
jump across the dislocation boundaries, which res-
ults in a single interference fringe shift at each dislo-
cation as shown in Fig. 1(d)-1(f).

Fig. 2 (color online) also further illustrates the
SCS of partially coherent beams with noncanonical
vortex pairs for same-charge and opposite-charge

vortices.

Fig. 2 Far-field spatial correlation singularities of partially coherent beams with off-axis noncanonical vortex pairs for same-
charge and opposite-charge vortices at z=50z,, 0=1 and d=0.5w,, where the canonical cases are also compared. (a)-(c)
li==l,=+1; (d)-(f) l;=l,=+1; (g)-(i) L,=—1,=+2; (j)-(I) l,=1,=+2

The influence of noncanonical strength on the
SCS pattern of same-charge vortex pairs is greater
than that of the opposite-charge cases. For example,
the irregular ellipses characterized by zero CSD
shown in Fig. 2(a) and 2(c) for Q=1+i and I;=
-l,=+1 remain the same pattern, whereas for the
case of Q=1i and l,;=l,=+1 their orientations are de-

flected by noncanonical strength (see white dashed
lines in Fig. 2(d)-2(f)). To illustrate the phenomen-
on, we analyze a single noncanonical vortex func-
tion of x+iQy=x-by+iay for Q=a+ib by view of
mathematics. It can be seen that the real and imagin-
ary part of noncanonical strength can significantly
change the power weight or intensity distribution in
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radial directions. The physical reasons of the differ-
ent orientation or tilt of SCS can be attributed to the
intensity disproportion in radial directions. The ori-
entation or tilt angle increases with an increase of
imaginary part of noncanonical strength. Although
the dislocations in SCS present irregular structures
rather than circular rings, the relation between the
number of dislocation and topological charge of
vortex pairs still satisfies the Eq. (7). The detailed
profiles of the real part of CSD versus the distance
in y-axis direction (Fig. 2(g)-2(1)) are illustrated in

Fig. 3 (color online). As can be seen from Fig. 3(a)
for I,=1,=+2 and Q=1, there exist four zero values at
y=15 mm, 40 mm, 68 mm and 98 mm along posit-
ive y-axis direction and the cases of four zero val-
ues also occur for Q=1+i, which also confirms that
the number of irregular dislocations is N=4in
Fig. 2(j)—2(l). The similar results can also be found
in Fig. 3(b) for I,=—1,=+2. Therefore, the number of
irregular dislocations of SCS for N =jljj+jl,j is
still valid for noncanonical vortex pairs.

Fig. 3 The real part of cross-spectral density versus the distance in y-axis direction, where the parameters are the same as

Fig. 2

3 OAM spectra and densities of non-
canonical vortex pairs

To elucidate the OAM or spiral spectra of a
partially coherent beam, the complex electrical field
in Eq. (1) can be regarded as a superposition of spir-
al harmonics exp(img@) with OAM or spiral mode m.
The expanded expression in a cylindrical coordin-

WD
Pn=jam( ;
0

The power weight or relative power of the m-

mode OAM spectrum can be determined by

» XX
Rm =Pn P

m= 1

Egs. (12)-(13) establish the relation between

the power weight of the m-mode OAM spectrum

ate is shown ast*¥
E(,™

where p and ¢ are radial and azimuthal coordinates
with x=pcos@ and y=psing, and a,(p, z) is the com-
plex expansion coefficient. The average energy of
each OAM spectrum of m-mode for the partially co-
herent beam can be obtained by

and the far-field CSD. Generally, the value Ry=j=11+12
can be treated as the detection probability of I-mode
OAM, and it will decrease during propagation due
to energy redistribution spreading into other adja-
cent modes, which also increases crosstalk probabil-
ity in other modes. On the other hand, the longitud-
inal OAM density also provides an alternative way
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for investigating the spatial OAM distribution in
their cross-sections, which is related to the resulting
CSD by the expressiont=!

L

where €, represents the free space dielectric con-
stant, k=2m/A is wavenumber and W(p;, p,, 2) is
determined by Eqg. (5), respectively. The m-mode
OAM spectra and longitudinal OAM densities
present different perspectives for exploring the
OAM of partially coherent beams, and their rela-
tions are also generally described by

To further elucidate their corresponding rela-

0.5
0.4
0.3
0.2
0.1

0

Fig. 4 Far-field OAM spectra and longitudinal OAM densities of partially coherent beam with canonical vortex pairs at Q=1.
The other parameters are the same as those in Fig. 2

The sum of the product of m-mode OAM spec-
tra and power weight exactly equals the value of
I,+1,=4 in Fig. 4(b). Additionally, the OAM densit-
ies with canonical vortex pairs also show an elliptic
pattern formed by two side lobes, where a higher to-
pological charge also leads to a larger spot size in
OAM density as shown in Fig. 4(a) and 4(b). The

tions for different vortex properties, Figs. 4 and 5
present the OAM spectra and longitudinal OAM
densities of partially coherent beams with canonical
and noncanonical vortex pairs, respectively. Expec-
tedly, one can see that the maximal value of OAM
spectra is concentrated at the mode of I=I;+l, due to
the embedded vortex pairs at the source plane in
Fig. 4 (color online). For example, for the case of
l,=l,=+1 and I,=I,=+2 in Fig. 4(a) and 4(b), the max-
imal power weights are 0.26 and 0.19 at m=2 and
m=4, respectively. For canonical vortex pairs, the
relation between the sum of topological charges of
vortex pairs, m-mode OAM spectra and power wei-
ght in partially coherent beam generally satisfiest® *!

x x
Ii = mR,,

i=1 m= 1

positive or negative OAM density is consistent with
the positive or negative the sum of topological
charge, and the zero value of OAM density also cor-
responds to the cases of I,+1,=0in Fig. 4(c)-4(d).

However, for the noncanonical vortex pairs, the
x

MRy, does not equal
m= 1

total OAM calculated from
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the sum of topological charges except opposite-
charge vortex pairs. For example, the sums of mR,,
are unequal to +2 or 4 for the same-charge case for
l,=l,=%1 or I,=1,=%2, which means that the equati-
on (16) is not conserved for noncanonical opposite-

...-lIOIZIOIIl-_ . i

charge vortex pairs. The possible explanation is that
the noncanonical factor seriously distorts their phase

of same-charge vortex pairs. The distortion can be
also found in the elliptical orientation of OAM dens-
ities in Fig. 5(a), 5(b), 5(e) and 5(f).

Fig.5 Far-field OAM spectra and longitudinal OAM densities of partially coherent beam with noncanonical vortex pairs at

Q=1+i. The other parameters are the same as those in Fig. 2

Fig. 6 (color online) presents far-field OAM
spectra of a partially coherent beam for different

(@ 0.16 0.
o518 0.14

0.2

0.39

off-axis distances, noncanonical strengths and co-
herence lengths at z=50z,.

Fig. 6 Far-field OAM spectra of partially coherent beam for different off-axis distance, noncanonical strength and coherence
length at z=50z,. The same-charge vortex pairs are |;=l,=+2. (a) o=w,, Q=1+0.5i; (b) 0=2w,, d=0.3w,; (c) Q=1+0.6i,

d:0.4W0

In general, the concentrated mode tends to dis-
tribute its energy to adjacent modes even for free-
space propagation. One can find that the mode of
maximal weight appears at m=2 rather than m=4 as
off-axis distance increases from d=0.2to d=0.8 as

shown in Fig. 6(a) for R,,-,=0.16 and R,,-,=0.14. In-
deed, the effect of off-axis distance on the OAM
spectra has already been formed at z=0. The change
of off-axis distance leads to the power redistribu-
tion in OAM spectra, which continues to influence
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the far-field OAM spectra. The redistribution in the
OAM spectra becomes more obvious with varying
noncanonical strength. It can be seen that the wei-
ght at Ry=4 gradually decreases from 0.39 to 0.15
(Fig. 6(b)), while its weight value at R, increases
from 0.11 to 0.26 with the change of noncanonical
strength from Q=1+0.2i to Q=1+0.8i. The greater
noncanonical strength deviates from Q=1, the lower
the probability of its center detection becomes. It is
easy to see that noncanonical strength has a greater
impact on power weight than off-axis distance and
coherence length. The dispersive OAM spectra gra-
dually concentrate as the coherence length increases,
and the weight value at m=2 becomes significantly
greater than that at m=4 in Fig. 6(c).

Fig. 7 (color online) shows the detailed vari-
ations of far-field OAM detection and crosstalk
probabilities of a partially coherent beam for differ-
ent off-axis distances, noncanonical strengths and
coherence lengths at z=50z,. Except for coherence
length, the increase in off-axis distance and nonca-
nonical strength result in the decrease in detection

probabilities. The detection probability R, can be
enhanced by increasing coherence length. More im-
portantly, the growth of crosstalk probabilities in ad-
jacent modes is remarkably different. The crosstalk
probability R,,-, exceeds its center detection Ry, at
the critical value d=0.82w,, subsequently the relat-
ive power at m=0 rapidly rises and surpasses Ry-4
and R;-o at d=wg and d=1.1w, in sequence as shown
in Fig. 7(a). A similar trend occurs when the
crosstalk probabilities at m=2 and m=0 exceed the
mode for
Q=1+0.55i and 1+0.9i, respectively. The received
power at m=0due to crosstalk exceeds that at
m=2 for Q=1+1.75i in Fig. 7(b). The results indic-
ate that the crosstalk of OAM can be reduced by se-

detection probability at m=4 signal

lecting a smaller off-axis distance, a smaller devi-
ation in noncanonical strength and a larger coher-
ence length. A higher power weight or a purer OAM
mode can be achieved by appropriate vortex pairs,
which also opens up more possibilities for OAM
control in multi-degrees of freedom.

0.4 T T 10 0.8
= m=0 = m=0
AaAaaa, em=2 -~ 0.8 Aa o-m=2
0.3 . —A-m=4 ’ N A-m=4 06+ = m=0 a—A
o N . S N Y S | & o M=2 ks
£ 02} S g hWi HEoal e
=2 = e RN =04 A 00000, | 2™ P
% e o 0 ¢ 0 ° i ?\\i %’ o/.TA\A / i : : 2083 : % ,A/,/
N L A N L7 —e— @
0 o 25 o 02 ./'. | .:f:AAVAA 1 02 : P o
T E :98 i E’l/l 0 i"/- | .E- * AA:A Al -
0L L L L T TR n L I = n ¥ n u u u u =u
0 02 04 06 08 10 12 1 1.01520253.0354.0455.0

Off-axis distance d

Noncanonical strength Q

Coherence length

Fig. 7 Variation of far-field OAM detection and crosstalk probabilities Ry,-, and R=, » of partially coherent beam for differ-
ent off-axis distance, noncanonical strength and coherence length at z=50z,. The same-charge vortex pairs are |,=I,=+2.
(a) 0=2wp, Q=1+0.3i; (b) 0=5w,, d=0.3wy; (c) Q=1+0.3i, d=0.3w,

4 Conclusion

Based on the Fraunhofer diffraction integral,
the SCS and OAM of the partially coherent beams
with noncanonical vortex pairs are studied, where
the effect of noncanonical strength, off-axis dis-
tance and vortex sign on SCS in far field is emphas-
ized. In addition to irregular dislocation, the general

formulas of radiuses for ring dislocations are
provided through explanatory equations. Far-field
OAM spectra and densities are further investigated,
where the OAM detection and crosstalk probabilit-
ies are also exhibited. The results show that the
number of dislocations of SCS is always N =
jlij+jloj for canonical or noncanonical vortex pairs,
which may be attributed to the fact that the SCS is
associated with the topological charges for vortex
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pairs and its robustness with different optical para-
meters. Although the sum of the product of m-mode
OAM spectra and power weight equals the sum of
topological charges I,+l, for canonical vortex pairs,
in t%case of %canonical vortex pairs the relation

is MRy 5
m= 1 i=1
tex pairs, which may be the complex noncanonical

li except for opposite-charge vor-

strength seriously distort their phase of same-charge
vortex pairs. Especially, complex noncanonical
strength has a more significant effect on the redistri-
bution of OAM spectra than off-axis distance and

coherence length, which results in the prominent
power weight of other adjacent modes rather than
the center detection mode. Additionally, there also
exist some critical values of off-axis distance and
noncanonical strength, where crosstalk probabilities
of adjacent modes can exceed the center detection
probability. The results obtained in this paper may
provide potential applications in OAM-based optic-
al communication, imaging, sensing and optical
computing by adjusting multi-degrees of freedom in

noncanonical vortex pairs.
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