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diffraction based on scaled convolution approach
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Abstract: We propose a novel fast numerical calculation method for the Rayleigh—-Sommerfeld diffraction
integral, which is developed based on the existing scaled convolution method. This approach enables fast cal-
culations for general cases of off-axis scenarios where the sampling intervals and numbers of the input and
observation planes are unequal. Additionally, it allows for arbitrary adjustment of the sampling interval of the
impulse response function, facilitating a manual trade-off between computational load and accuracy. The er-
rors associated with this method, which is equivalent to interpolation, primarily arise from the discontinuities
of the sampling matrix of the impulse response function on its boundaries of periodic extension. To address
this issue, we propose the concept of the padding function and its construction method, and evaluate its ef-
fectiveness in enhancing computational accuracy. The feasibility of the proposed method is verified by nu-
merical simulation and compared with the direct integration DI-method in a simplified scenario. It shows that
the proposed method has good computational accuracy for the general case where the sampling interval of the
input and observation plane is not equal under non-near-field diffraction, and when the diffraction distance is
large, although the computational accuracy of the proposed method cannot exceed that of the DI-method, the
computational amount can be significantly reduced with almost no effect on the computational accuracy. This
method provides a general numerical calculation scheme of diffraction in the non-near field case for areas

such as computational holography.
Key words: Rayleigh-Sommerfeld diffraction; scaled convolution; padding function

Wefm B #3:2025-04-15; 1&1T H #3:2025-05-06

E&IA: 5 & AL T (No. 2022YFB3606100); [F15% F AR5 4: (No. U21A20509, No. 6127901)
Supported by National Key Research and Development Program of China (No. 2022YFB3606100); National
Natural Science Foundation of China (No. U21A20509, No. 6127901)



368 RED2E (RgEs)

ETHEMERNIRF-RARIEMTHRASTH
M7 RAF S HMRTT I

#19%

% R HEE, FER, EERAE
(1. PEBRZERKELEEETAEG WEF K, T4 K& 130033;
2. HEBHF B A, L E 100049 )

BRI T OA WATHCE BUREA SR T — s A9 B A1 -2 R SRS B PO B 3053 o 07k S B T % s Al
L A TR RUL 5 TRT ) SRASE 18] B -5 SR R 3 20 288 1) — R I A DR T3, 5 L T LA T Jk w57 o 50 ) SR A 1 o
TS B 07 480 5 TSR B A T3 B o o S5 3 25 0 9 D5k ) DR 22 000 1 Ik v 7 oo K50 F) SR AR P A HL )
HIRESH IO S LA TELENE, AR SCEIRTIX — B T AMK BB RS S A I D705, JEPPAG 1AM pR O R R SR B Y
ORIl BAERAURAE 1 I 307 5 BT AT e, JRE R B B AR AR TR L SRR P Ik ek i
GRs 58T X AT WG THERA (8] B AN 45 ) — S T AT RAFAOTTRORS B, EL7ERT SRR B AR R, MR RN B Tk
I EAE RN, (EAT DIAE L A R SRS FE A AR T, RIRREAR TS . 200k i i e B St it 7 ekin

TETE T B A A AT BUE T k.
X 8 AR RIEATH; AR AR ANK B2
i E4$E.TP394.1; TH691.9 XHkEREA:A

1 Introduction

Fast numerical calculation methods for the
propagation of optical fields in uniform and isotrop-
ic media have long been a fundamental and import-
ant research topic in fields such as Fourier optics!",
computational holography®, and computational
imaging™. For the propagation of optical fields
between parallel planes, assuming the validity of
scalar diffraction, there are mainly three methods
that use fast Fourier transforms: the Fresnel method

based on paraxial approximation®®

, the angular
spectrum method based on frequency-domain trans-
formation, and the convolution method based on
the Rayleigh—Sommerfeld diffraction (RSD) for-
mula®*?, Among these, the convolution method is a
non-approximate approach with the advantage of
being applicable to near-field, far-field, and off-axis
scenarios, and it does not require the sampling num-
ber in the observation plane to equal that in the in-
put plane. However, it has the drawback of requir-
ing equal sampling intervals for both the input and

observation planes, and for near-field diffraction,

doi: 10.37188/CO.EN-2025-0028

CSTR:32171.14.CO.EN-2025-0028

achieving accurate results necessitates a substantial
computational effort, which compromises a certain
degree of flexibility. For diffraction calculations
where the sampling intervals in the input and obser-
vation planes are unequal, Nascov and Logofitu
provided a preliminary solution!"*, which they ter-
med the scaled convolution method.

The method proposed by Nascov et al. is more
akin to the angular spectrum method in its analytic-
al approach and does not effectively use the charac-
teristics of the impulse response function (IRF) and
the discrete Fourier transform, leading to several
shortcomings. First, the sampling number of the in-
put and observation planes must be equal, which can
result in unnecessary computations. Second, the
centers of the input and observation planes must co-
incide, meaning that the method is only applicable
to non-off-axis scenarios, thereby limiting its range
of application. Third, the sampling interval of the
IRF can only be altered by changing the sampling
intervals of either the input or observation plane.
However, in many application scenarios, neither
sampling interval can be changed, which may lead

to the IRF’s well-sampling condition not being sat-


https://doi.org/10.37188/CO.EN-2025-0028
https://doi.org/10.37188/CO.EN-2025-0028
https://doi.org/10.37188/CO.EN-2025-0028
https://doi.org/10.37188/CO.EN-2025-0028
https://doi.org/10.37188/CO.EN-2025-0028
https://cstr.cn/32171.14.CO.EN-2025-0028
https://cstr.cn/32171.14.CO.EN-2025-0028
https://cstr.cn/32171.14.CO.EN-2025-0028
https://cstr.cn/32171.14.CO.EN-2025-0028
https://cstr.cn/32171.14.CO.EN-2025-0028

2 W

YANG Chen, et al. : Independent sampling and padding for ...... 369

isfied, resulting in significant calculation errors.
This paper derives and reconstructs the scaled
convolution method starting from the direct integra-
tion (DI)-method!"*'Y. First, the “ selection equa-
tion” is derived from the DI-method, which visual-
izes the principle of discrete convolution based on
the discrete Fourier transform. An altered-index
scaled Fourier transform is then constructed, lead-
ing to the development of an improved scaled con-
volution method. This improvement allows both the
sampling number and interval in the observation
plane to differ from that in the input plane, while
also enabling free adjustment of the IRF’s sampling
interval, ensuring that the well-sampling condition
is always satisfied for any application scenario.
Next, we discuss the sources of interpolation error
and, using the characteristics of the IRF, introduce
the concept of the padding function and its construc-
tion method. The padding function ensures a smooth
transition within the padding area of the periodic ex-
tension of the IRF sampling matrix, thereby redu-
cing interpolation errors. We refer to the improved
method as the independent sampling scaled convo-
lution (ISSC) method. The innovation of this meth-
od lies in providing a unique analytical perspective
for the numerical calculation of the RSD formula,
allowing for a reduction in computational load at the
cost of only a small decrease in accuracy when the
diffraction distance is not very small. For the sake of
brevity, the paper initially discusses one-dimension-
al diffraction because the extension to two dimen-
sions is straightforward and natural. The discussion
of the two-dimensional case begins only when con-
structing the padding function because handling the
overlapping areas for padding the rows and columns
of the sampling matrix requires careful considera-

tion.

2 Scaled convolution method and pa-
dding function

2.1 Formulation of the DI-method
The method of indirectly calculating the dis-

crete convolution using the discrete Fourier trans-
form to calculate the RSD formula under the condi-
tion of equal sampling intervals of the input and ob-
servation planes is referred to as the DI-method and
has been described in detail in several articles!'®'",
Initially, we focus on one-dimensional diffraction,
specifically the diffraction of the optical field
between two parallel line segments. Figure 1 illus-
trates this scenario. The optical field at the source is
denoted u(x) whereas the target optical field is de-
noted U (x’). The vertical distance between the
source and target is z.

u(x)

u(x') |

X
1.,
Source Target

Fig. 1 Schematic diagram of one-dimensional diffraction

Ignoring specific mathematical expressions and
focusing solely on its convolutional nature, the one-
dimensional RSD formula can be expressed in con-

volution form:
U(x'):fu(x)h(x'—x)dx , 1

where & represents the IRF at the diffraction dis-
tance z. To facilitate numerical calculation, we need
to discretize the formula. We take K equally spaced
coordinates in the input plane (xg,X1,X2," *,Xg_1)
and M equally spaced coordinates on the observa-
tion plane (xj,x7,x5,---,x),_,). Thus, the expression
(1) can be rewritten in its discretized form:

K-1

U(x)= AxZ u(x)h(x, —x) . 2

k=0

Let U(x;”) =U,, u(x)=u,. When Ax’ = Ax,

the discretized IRF is represented as!'®'!]

h, = h(x)—xg_ +nAx) 3

where n=0,1,--- ,N-1. N=K+M-1. We then
extend u; by appending M — 1zeros at the end to
achieve a length of N. Thus, the expression (2) can

be computed using the discrete Fourier transform:
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S = IDFT{DFT {u}-xDFT {h}}Ax . 4

The symbol “-x” represents the element-by-
element multiplication of the two matrices or se-
quences. The last M terms of § are linear convolu-
tion terms, corresponding to the desired diffracted
optical field. The remaining terms are circular con-

volution terms and need to be discarded:

Um = SK—l+m . 5

We observe that the numerical calculation
method for the one-dimensional RSD formula, when
the sampling intervals in the input and observation
planes are equal, is straightforward and clear. In ad-
dition, this method is applicable to general discrete
convolution calculations. Consequently, we natur-
ally seek to calculate the case where the sampling
intervals of the input and observation planes are un-
equal using a similar process. This requires a meth-
od referred to as scaled convolution™), for which we
provide a detailed derivation in the next section. Be-
fore proceeding, however, let us expand Equation
(4) and explore its mathematical structure for poten-

tial insights:

Ax -1 (N-1 N-1
S, = ~ Z (Z ekt h,,w"N’] wy" , 6

k=0 n=0
_m .
where wy =e” N . The presence of the circular con-

volution terms changes the range of m to m =0,

1,---,N —1. Simplifying yields

g N = NZIh o 1, k+n=m+rN
m = x u n .
= b 0, otherwise

0 n=0

where 7 is an arbitrary integer. We thus obtain a lin-
ear equation, which is referred to as the selection

equation:

k+n=m+rN . 8

Therefore, Equation (6) can be equivalently
represented as shown in Fig. 2 (color online).

The horizontal coordinates of the intersection
points of the orange line with the blue solid lines
k=0,k=1, - k=K-1 in sequence correspond to

the subscripts of &, that are sequentially multiplied

by ug, uy, -+ ug_; for a given m. We observe that
for different values of m, if two orange straight lines
intersect the gray area, there is a “jump” in the sub-
script of h, multiplied by . In this case, the corres-
ponding S,, are circular convolution terms; other-

wise, they are linear convolution terms.

k
K-1

0 3 N-1 3 n

ntk=m-N ntk=m ntk=m+N

Fig. 2 Illustration of the selection equation

This graphical representation method is less
concise than commonly used algebraic approaches.
However, it naturally leads us to consider altering
the slope of the orange straight lines in Fig. 2 using
a certain method, enabling extension to non-integer
n. This extension aligns with the concept of inter-
polation. Achieving this would allow numerical cal-
culation of the diffraction light field in cases where
Ax’ # Ax. The implementation involves modifying
Equation (6) so that, while the slope of the selection
equation changes, its essence remains equivalent to
zero padding interpolation, thereby making it ap-
plicable to non-integer n.

2.2 Independent sampling based on scaled convo-
lution method

Before modifying Equation (6), it is important
to note that we are assuming Ax = Ax’, which leads
to the length of h, being N=K+M-1. If Ax#
Ax’, then N becomes an unknown variable to be
solved. We proceed with the following modifica-
tion. For the first discrete Fourier transform (DFT)
within the parentheses, we change the subscript of
the non-zero-padded u,, corresponding to the samp-
ling coordinates x,, from 0,1,---,K—1 to —K+1,
—-K+2,---,-1,0, while keeping the order of the ele-

ments unchanged:

U, Ups " UK > U_gy1,U-K12,° ", Up

Xos X150 s Xgk—1 = Xog+1,X-k+2," " > X0 - 9
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It is important to note that the change in the
subscripts of the input sampling coordinates is made
solely for the convenience of analyzing the IRF
sampling coordinates later, and it is not intended for
use in the derivation of the algorithm. Next, we
modify the summation limits to range from —K + 1
to 0, and we introduce a scaling factor & (where a >

0) in the complex exponential:

K- 0
kt akt

EukwN—> E Wy . 10

k=0 k=—K+1

This transformation cannot be directly com-
puted using the fast Fourier transform (FFT), but it

can be restructured into a convolution form:

0 at® 0

Z ukwﬂ“za}T Z ek 11

k=—K+1 k=—K+1

ak? ak?

where Vi = uk(UNT and 8k = w;,T, with the range of

t determined by the summation limits of the outer

inverse transformation. This convolution can be

computed rapidly using the method described in

Section 2.1. We denote the modified transformation
computed via FFT as FFT®,

For the inverse DFT outside the parentheses,

we modify the summation limits to range from

—|N/2] to [N/2]—1, and we introduce a scaling fa-

ctor @’ (where o’ >0) in the complex exponenti-

al:
N
N-1 711
Z () w}—vtm — Z () w;,a’tm , 12
=0 =131

where m=0,1,---,M—1. The symbol |x] repres-
ents the floor function whereas [x] denotes the ceil-
ing function. The reason for m taking these values
will be provided later. The modified transformation
can similarly be restructured into a convolution
form and computed rapidly using the FFT. It is de-
noted IFFT®",

Owing to the change in the summation limits
outside the parentheses, the second DFT within the
parentheses needs to be adjusted as well; however, it

suffices to simply shift the zero-frequency compon-

ent to the center:

DFT {h} — fftshift{DFT {h}} . 13

It is important to mention that none of the four
previous transformations have practical signific-
ance when standing alone, and only when com-
bined can they have the effect of transforming the
selection equation.

Thus, Equation (6) is rewritten as

S..=Ax i ukNZ_ih,,éN(p) , 14

k=—K+1 n=0

where p=n+ak—a’'m, and Sy(p) represents the

Dirichlet kernel:

sin (Tip)

Nsin(np/N)

w??, N even
oy(p) = { N

1, N odd

The presence of the Dirichlet kernel in the
second summation in Equation (14) indicates that
the summation is equivalent to zero padding inter-
polation (see Appendix A). So the second sum-
maton can be viewed as selecting from &y (p) the
values of n that make p = rN, where r is an arbit-
rary integer. This ensures the mathematical correct-
ness of the interpolation for h,. However, the
second summation cannot be directly equated to
Nym-ak, as doing so would hinder the analysis of
which terms correspond to circular convolution and
which correspond to linear convolution. We can re-
write Equation (14) in a form similar to that of
Equation (7):

0

N-1 ’

1, n+tak=a'm+rN

S..=Ax E u Ehnx . ,
ot kn:() {0, otherwise

16
where 7 is an arbitrary integer. We thus have the
modified selection equation:

n+ak=am+rN , 17

k=-K+1,-K+2,---,-1,0,
1,---,M—1. As Equation (14) has already ensured

where and m=0,
the formal correctness of the interpolation, the selec-
tion equation is also valid for non-integer n. This is

illustrated in Fig. 3 (color online).
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k Ax AX
nt+ak=a'm-N ntak=a'm n+ak=o'm+N ox = o o 22
N-1
Y === ! Equation (20) is thus rewritten as
ki1 harm-ax = B [(x) — X0) + (@'m—ak)éx] . 23

Fig. 3 Modified selection equation

The diagram is equivalent to Equation (14).
Adopting the analysis approach used in Section 2.1,
the horizontal coordinates of the intersection points
of the orange line with the blue solid lines k=
-K+1,k=-K+2,---,k=0 in sequence represent
the subscripts of £, that are multiplied by u_g,,
U k2, ", Ug In sequence for a specific m. Figure 3
shows that the linear convolution terms begin at
m = 0. The required number of linear convolution
terms is M, and the range of m is thus m=
0,1,---,M—1. For all S, to S, to be linear con-
volution terms, line (D should not intersect the gray
area when m = M — 1. Additionally, to improve the
accuracy of the interpolation, the horizontal co-
ordinate of the intersection point of straight line (2
with line k=-K+1 should not exceed N-1.

Therefore,

Nz ao(K-D+odM-1)+1 . 18

Next, we analyze the relationship between the
scaling factor @ and ' and the sampling interval of
h,. Under the condition that Equation (18) holds
(i.e., r=0), Equation (16) can be simplified as

0

Sm =Ax Z ukh(t'm—ak . 19

k=—K+1
To ensure consistency with Equation (2), the

equation

ha’mfak =h (x(/) - Xo) =
h[(x5— x0) + (mAX" — kAx)] 20

must be hold for any m=0,1,---,M—1 and k=
—-K+1,-K+2,---,0. Which implies that

=— . 21

Let us define

Therefore, the actual sampling sequence of the
IRF is

h, = h(x,—xo+ndéx) 24

where n=0,1,---,N— 1. Meanwhile, Equation (18)

can be rewritten as
1 ,
N= 5 [(K-DAx+(M-1)AXT1+1=
X
1 , ,
5 [(xo = x_ge) + (X} —xp)]+1 . 25

It is important to note that we have not spe-
cified the values of @, o, and &, and we have only
provided ratios and range constraints. Which might
suggest that dx can be any value, and correspond-
ingly, the length N of A, can be any positive integer.
But apparently it is inconsistent with our physical
intuition. As mentioned earlier, the essence of the
ISSC method is to use the scaled Fourier transform
to interpolate the IRF sampling sequence. Therefore,
to satisfy the well-sampling condition, 6x must not
exceed the Nyquist interval of the IRF. However,
because the IRF is not band limited, there is no strict
Nyquist interval, which means that the actual
sampling interval must be smaller to achieve higher
interpolation accuracy. For a specific application
scenario, let dx,,, represent the Nyquist interval of
the IRF. There then exists a minimum sampling

number:

1

N, min —
0x, max

[(xo = x_g1) + (X = xp) ] + 1
26
We take the parameter y= 1, referred to as the
oversampling factor, to get the actual number of

samples of the IRF:

N= [)/N min] . 27

We then determine the actual sampling inter-
val of the IRF:
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1

Sx =
YTNCT

[(xo = X_ge) + (X} —X0)] - 28

Referring to Equations (22) and (24), we ob-
tain the actual IRF sampling sequence as well as the
values of the scaling factors @ and «’. This con-
cludes the basic construction of the ISSC method.
2.3 Padding function

The discrete Fourier transform assumes that
signals are periodic. Therefore, discontinuities at the
periodic boundaries of a finite-length signal which
is periodic-extented introduce high-frequency com-
ponents into the frequency spectrum, thereby affect-
ing the interpolation accuracy, as qualitatively illus-
trated in Appendix B. For a one-dimensional IRF
sampling sequence, it may be possible to avoid this
discontinuity by appropriately selecting the samp-
ling number, but this is not feasible for a two-di-
mensional IRF sampling matrix. To address this is-
sue, we propose the concept of the padding function.
The padding function is constructed by using the
slow-variation property of the IRF. The idea is to
append the padding area calculated by the padding
function to the end of the sampling matrix, so that

the periodic-extended sampling matrix can achieve a

hoo =+ hon-1

W= hy,-10 Rvy—1 8,1
Boo -+ Bon-1

L Bo-1p Bo_in-1

The construction of the padding function fol-
lows the principle that, for each row and column of
the sampling matrix, the function values and deriv-
atives of the padding sequence at the beginning
match those at the end of the sampling sequence,
whereas the function values and derivatives at the
end of the padding sequence match those at the be-
ginning of the sampling sequence. Furthermore, the
closer the padding sequence is to the beginning, the
more its frequency approaches the frequency at the

end of the sampling sequence; conversely, the closer

smooth transition within the padding area, eliminat-
ing the discontinuities that originally existed on the
periodic boundary and thereby reducing interpola-
tion error.

The expression for the two-dimensional IRF is

1 ikr
h(x,y)z—%(ik——)e , 29

r| r?

2n . .
where r= /x2+y?+2 and k= — > With 2 being
the wavelength. When 7 is sufficiently large, it can

Lo
be approximated that ik — Pl ik. Under this slow-

varying approximation, the local frequency of

h(x,y;2) is given by

1 otkr)  x

f:l(xsy)_g[ ax _/lr
30

- L2

™ dy  Ar

Let the sampling coordinates of h(x,y) be
Xy, =Xo+mAx and y, =y,+mAy, where n; =
0,1,---,N;,-1 and n,=0,1,--- ,N,— 1. The matrix
elements of the unpadded sampling matrix of 4 are
given by h,,, =h(x,,y,). Let the padding length
for each row be P and the padding length for each
column be Q. The padded matrix is denoted as h’:

Ao e Agpoi
An,_1p An,_1.p-1
31
Coo e Co.p-i
Co-10 Co1p-1 |

it is to the end, the more its frequency approaches
the frequency at the beginning of the sampling se-
quence. To sum up, it is appropriate to choose sin’
to construct the padding function. Before construct-
ing the padding function, it is important to note that,
according to Fig. 3, only the “h” part in Equation
(31) will participate in the convolution calculation
of the incident filed, and other parts don’t. There is
no specific physical meaning of the padding func-
tion, it is just a mathematical trick, which aimes to

reduce the discontinuity of the periodic extended
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matrix.
For the n,-th row of the sampling matrix, the

padding function is given by

o , m p+1
A,  =h, _1eIZTT.f\(er.»"z)-(17+1)AXCO52 =, +
np =l 2 P+1

Zionf (o )-(P— . L(m p+1
h, 2, (x.y,, ) (P-plAxgi2 [ Z .
¢ 2 P+1
32

For the n;-th column of the sampling matrix,

the padding function is given by

2 0+1

) o (T g+1
i e 12nf‘~(xnl»}0) © q)AySmZ _. )
o, 2 0+1

. ! , m g+1
By, =hzvz—1,nl6:‘2”“("”1’-‘Nr')‘(‘”‘mcos2 (— g )+

33

where p=0,1,---,P—1and¢=0,1,---,0-1.

The construction of the padding function in the
overlapping region is somewhat challenging be-
cause it is difficult to calculate the local frequency
of the padding area. The method that we currently
use has some patchwork properties but is sufficient
to ensure the continuity on each boundary. First, we

construct two linearly varying frequencies:

Jer(p) =f, (kw1 n,-1) +
o [ Gnyed) = £ Gevoroye)]
Je2 (p) =f, (xw-1,30) +
Sy G0 30) = 5 (o -1.30)]
34
Then the padding function for the p-th column

in the overlapping region is given by

- m g+1
C,,=An._ el gtDdyeng? (2. L~ | 4
ap L 2 0+1

P B |
A, e 2@ (Q-00vgin2 [ Z . . 35
0p® 2 0+1

Select Xpin = Ymin = 0, Xmax = Ymax =2 MM, z2=
100 mm, N, =N, =1000, P=Q=N,/5, and A=
1x107 mm to observe the effect of the padding
function. The periodic extension of the unpadded
Re{h} and the padded Re{h’} is shown in Fig. 4

(color online).

(@) y

Padding
area

A

>

Periodic
‘ _boundary

Fig. 4 Real part of periodic extension of (a) h before pad-
ding and (b) &’ after padding

It is seen that before padding, the function val-
ues exhibit a sharp change on the periodic boundary.
After padding, the function values transition sm-
oothly within the padding area. It is thus reasonable
to infer that the existence of the padding area re-
duces interpolation errors. To quantitatively assess
the effect of the padding function on interpolation
accuracy, the signal-to-noise ratio (SNR) is calcu-

lated using Equation (36) for different padding

lengths:
2, 2l
SNR = 10log,, 5 Z h T 36

where h represents the signal after interpolation
with the padded portion discarded, and % is the
rigorous value. From Equation (30), we obtain
febnas = 1]

(26), to satisfy the well-sampling condition,

e = 19:996. According to  Equation
Nimin = Nomin = 80.984.  An oversampling factor
v=2 1 is selected, resulting in sampling numbers
Ni = [yNimin] and Ny = [yNopinl. A parameter €2 0,
referred to as the padding factor, is chosen so that
the padding lengths are P =[eN;] and Q = [eN,].
Adopting zero padding interpolation method, the
sampling numbers are increased by a factor of 4 be-
fore discarding the padded part. The effects of dif-
ferent sampling factors y and padding factors € on
the SNR are calculated, as presented in Fig. 5 (color
online). It is seen that when the sampling number is
equal to the Nyquist limit, interpolation introduces
errors that cannot be reduced using the padding
function. When the sampling number exceeds the

Nyquist limit, increases in both the sampling num-



2 W

YANG Chen, et al. : Independent sampling and padding for ...... 375

ber and padding length enhance the SNR, although
this also increases computation time and memory
requirements. However, the SNR obtained here is
only for the IRF and does not represent the final

SNR of the numerical diffraction calculation.

€

Fig. 5 Effects of the oversampling factor and padding
factor on the SNR of the IRF

It is important to note that after appending the
padding area to the end of the IRF sampling matrix,
the new matrix length in the x direction becomes
N, =N, +P. Consequently, the value of N associ-
ated with the forward and inverse scaled Fourier
transform calculations in Equation (14) is corres-
pondingly updated to N,, with the same logic apply-
ing to the y direction. According to Fig. 3, even if
the padding length varies, the linear convolution
term still begins at m = 0. This convenience arises
from the change in subscripts introduced in Equa-
tion (9). Without this adjustment, constructing the
padding function and determining the starting posi-
tion of the linear convolution term would be com-

plex.

3 Final two-dimensional solution and
numerical simulation

3.1 Two-dimensional solution of the ISSC method

The two-dimensional RSD formula is given by
h (XO’ YO)
h(Xo, Y1)

h(Xo, Yn,1)  h(X1,Yy,1)

h(X,,Y,)
h(X,,Y1)

Ux,y)= szu o,y h(x' —x,y —y)dxdy, 37

where / is the IRF described by Equation (29). On
the basis of the previous discussions, we can derive
a numerical computation method based on scaled
convolution by the following steps.

(1) According to practical requirements, co-
ordinates (x;,,y:,) are selected in the input plane,
where k, =0,1,---,K;-1 and k, =0,1,--- ,K,— 1.
The sampling points are equidistant in each of the x
and y directions, and the sampling intervals are de-
noted Ax and Ay. In the observation plane, coordin-
ates (x;m, y;nz) are chosen for calculation, where
m=0,1,---,M;—-1 and m,=0,1,--- ,M, -1, whi-
ch are equally spaced in each of the x" and y’ direc-
tions, and the sampling intervals are denoted Ax’
and Ay'.

(2) We calculate |f,|
(30). According to the Nyquist theorem, the maxim-

max according to Equation
um sampling interval of the IRF in the x direction is

denoted 0xp,y:

1
2| filmax
Select an oversampling factor y= 1. Using
Equations (26), (27), and (28), we calculate the ac-
tual sampling interval ox and the actual sampling

number N, of the IRF in the x direction. Sub-

OXmax = 38

sequently, we derive the scaling factors a and @’ us-
ing Equation (22). The same approach applies to de-
termining the actual sampling interval dy, the actual
sampling number N,, and the scaling factors 8 and
f’ of the IRF in the y direction. It is important to
note that the oversampling factor y can take differ-
ent values in the x and y directions. For the sake of
simplicity, this paper assumes that they are the
same, and the same is true for the padding factor &.
We then calculate the IRF sampling matrix before

padding using Equation (24):

h(XN|71a YO)
h(XN|—13Yl) 39
h(XN|—1’ YNg—l)
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where

Yn2=y6_yK3—l+n26ys n2:o’15”'9N2_]‘
40

{Xm = xg)_xK.—l +n6x, n=0,1,--- N —1

(3) Let the padding factor & > 0. Then, the pad-
ding length in the x direction is P = [¢N,], and the
padding length in the y direction is Q = [eN,]. Fol-

lowing the method outlined in Section 2.3, we pad
the IRF sampling matrix k to h’.

(4) The generalization of the one-dimensional
scaled Fourier transform to two dimensions is
straightforward; it simply requires applying the
transformation to each row and each column separ-

ately. Equation (14) is thus rewritten as

S = IFFT2 (FFT29 (u} - xFFTshift (FFT2{k'}}} AxAy . 4

The desired light fields in the observation plane
is given by S"

U(X,.Y0) = Smm - 42

The developed program can be found in Git-
hub.
3.2 Numerical test of the accuracy

The optical setup used for the numerical test is
shown in Fig. 6. A plane wave incident at an angle 0
is diffracted by a square aperture, with a thin lens of
focal length f =100 mm placed immediately be-
hind the aperture. The observation plane is set at the
position z= f. To better assess the accuracy of the
algorithm, we set the square aperture to be equal to
the input plane, i.e., the coordinate range of the in-
put plane matches the coordinate range of the square
aperture. The aperture is sampled at intervals of
Ax=Ay=5pm and the sampling number is K; =
K> =1000. The incident angle and wavelength of
the plane wave are 8 = 6° and A = 532 nm. The ob-

servation window is sampled at intervals of

Ax' = Ay = m—agum, where “mag” means “magni-

fication” and its value is set as mag=1,5,20. The
number of observation points is M; = M, = 500.
The x-distance between the center of the input aper-
ture and the center of the observation window is set
to xp = Ztan6 mm.

Following the procedure outlined in Section
3.1, we set the oversampling factor y = 1.2 and the
padding factor £ =0.2. The numerical diffraction
results are shown in Fig. 7 (color online), where 7(a)
is the reference image calculated by numerical in-

tegration for mag = 20, and 7(b), 7(c), 7(d) are cal-

culated by ISSC. It can be seen that the contour of
the pattern calculated by the ISSC method is com-
pletely consistent with the pattern calculated by nu-
merical integration, which shows that the method is
indeed feasible for general cases with off-axis and

magnification.

Observation
window

Fig. 6 Setup for the numerical diffraction of off-axis pr-

opagation
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Fig. 7 Numerical diffraction patterns at different magnific-
ations. (a) Reference image calculated by numerical
integration for mag=20; (b) (c) (d) images calcu-
lated by ISSC for mag=1, mag=5, mag=20

To evaluate the computational accuracy of the

proposed method, we keep mag = 20 unchanged and
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use the numerical integration results as the ground
truth. We calculate the SNR of the numerical dif-
fraction pattern corresponding to different over-
sampling factors and padding factors using Equa-
tions (19) and (20) from Ref. [9]. The results are

presented in Fig. 8 (color online).

70
60}
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T 40¢
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Fig. 8 SNR of numerical diffraction with different ov-
ersampling factors and padding factors when z=

100 mm

It can be seen that the larger the oversampling
factor and the padding factor are, the more accurate
the calculation results are. But this will also in-
crease the calculation load. Therefore, considering
the needs of practical applications, the two factors
are not the larger the better. It is necessary to make a
trade-off between calculation accuracy and calcu-
lation load. However, different factors may be selec-
ted according to different application scenarios and
practical needs, so the selection scheme cannot be
generalized. By observing the curve chart, it can be
seen that in the simulation scenario in this article,
after the padding factor exceeds 0.1, the increase in
its value can hardly improve the calculation accur-
acy, so the padding factor can be selected between
0.05—0.1. However, it should be noted that in other
different simulation scenarios, the curve chart may
also be different, which cannot be generalized and
needs to be selected according to practical needs.

3.3 Comparison with DI-method

To facilitate comparison with the DI-method,
we constrain the sampling intervals of the input and
observation planes to be equal, with no relative off-

set between their centers. The width of the input

plane is set to L =4 mm, and the sampling number
is K =1000. The width of the square aperture is

L/2 =2 mm, as illustrated in Fig. 9 (color online).

(@) (b) T
qc) \ i | [ g e
s FUo0y N =3
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2 , } 8 —L/2— l

— L= mm-—

Fig. 9 (a) Schematic diagram of setup for comparison and

(b) square aperture

The padding factor is fixed at € = 0.1. We first
compare the SNR obtained from the proposed meth-
od, using different IRF sampling numbers, against
the SNR of the DI-method at various diffraction dis-
tances. The results are presented in Fig. 10, where
the circle indicates the SNR of the DI-method, with
its IRF sampling number fixed at Np = 2K — 1.

31.89 - s 3B
@ I _aot®
% [ % /
g 15} s Or |
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VJWMM“N/ L H 0 L/ L i
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N N
4274 F 4584 F
35l (© 40 [(d)
|
§’ 25 'c“ §’ 30 -\‘
x ‘ X 20y 1
Z 15¢] — ISSC 5 .| — ISSC
5 ‘\ - DI 10 - DI |
:‘T‘ ' i 0 | N i
0 1000 2000 0 1000 2000
N N

Fig. 10 SNR obtained by the ISSC method varying with
the sampling number of the IRF at a propagation
distance of (a) z=50 mm, (b) z=100 mm, (¢) z=
500 mm, and (d) z= 1000 mm

It is observed that as the diffraction distance in-
creases, the ISSC method requires fewer samples
of the IRF to reach the SNR of the DI-method.
This phenomenon occurs because an increase of in
propagation distance corresponds to a reduction of
the local frequency of the IRF at the edges of the
sampling range. Consequently, the sampling num-
ber required to satisfy the well-sampling condition

also decreases. This decrease indicates that at larger
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diffraction distances, the adoption of the ISSC meth-
od appreciably reduces the computational load at a
small cost in computational accuracy. Additionally,
it is noted that the SNR of the ISSC method cannot
exceed that of the DI-method. This limitation arises
because the DI-method is inherently a non-approx-
imate method, equivalent to the discretized RSD in-
tegral, and its computational accuracy depends
solely on the sampling density of the input plane. By
contrast, the ISSC method approaches the discret-
ized RSD integral through interpolating the IRF
sampling matrix, and its computational accuracy
thus only approximates and cannot exceed that of
the DI-method.

In order to further quantify the computational
time required for the proposed method to achieve
the necessary computational accuracy, we keep the
oversampling factor y = 1 unchanged and the aver-
age computation time of ISSC method varying with
the propagation distance is shown in Fig. 11 (color

online).

0.200 |
0.183 |

0.150 r

Time/s

0.050 |

0 200 400 600 800 1000
z/mm

Fig. 11 Average computation time of ISSC method vary-

ing with the propagation distance

It can be seen that the average computation
time of the ISSC method decreases as the propaga-
tion distance increases. When z is not so large, the
computation time of ISSC is higher than that of DI,
because ISSC method requires 7 FFTs while DI
method only requires 3 FFTs, and the size of the
matrices that to be computed of the two method are
nearly the same. When the propagation distance be-

comes large, the size of IRF sampling matrix will

decrease as shown is Fig. 10, leading the reduction
of the average computation time of ISSC method.
3.4 Discussion

The IRF sampling number N for the ISSC
method can be freely adjusted. To satisfy the well-
sampling condition for the IRF, the oversampling
factor y must not be less than 1. Additionally, an ap-
propriate padding factor & should be selected to re-
duce interpolation errors. When the propagation dis-
tance is large, leading to a small N;,, this method
can achieve sufficiently high computational accur-
acy with a small computational load. In addition, the
curve of the change of SNR with N of the ISSC
method in Figure 10(a) shows a sudden change
when N =2 001, which coincides with the SNR of
the DI method. This is because according to Ap-
pendix B, when the discrete sequence is upsampled
by integer multiples, the value of the original points
remain unchanged after upsampling. If a =a’ =1 is
added, the ISSC method degenerates into the DI
method.

4  Conclusion

We investigated and reconstructed a scaled
convolution method and proposed the ISSC method.
Unlike traditional approaches, the proposed method
uses an improved scaled Fourier transform to inter-
polate the IRF sampling matrix, thereby accommod-
ating general cases where the sampling intervals and
numbers of the input and observation planes are not
equal. Additionally, we introduced the concept of
the padding function and its construction method,
enabling smooth transitions at the periodic boundar-
ies of the periodically extended IRF sampling mat-
rix, thus reducing interpolation errors. This method
is highly flexible, allowing for arbitrary selection of
the IRF sampling intervals, independent of the
sampling intervals and numbers of the input and ob-
servation planes, which ensures that the well-
sampling condition is always satisfied while en-

abling the selection of appropriate oversampling and
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padding factors to balance computational accuracy i
. . . Flo=>" xmwy 44
and efficiency according to practical needs. Futher- oy

more, the larger the propagation distance, the smal-
ler the computation amount and the corresponding
computation time required to achieve sufficient cal-
culation accuracy. This is a unique advantage of the

method we proposed.

Appendix A: zero padding interpola-
tion

In the field of signal processing, there exists a
commonly used interpolation method. Given a sig-
nal sequence x(n) of length N, where 0< n< N-1,
the procedure for increasing the number of samples
to M (assuming M= N) is as follows.

Compute the discrete Fourier transform f (k) of
x(n), where 0< k< N-1:

Create a zero-valued sequence y(m) of length
M and replace its elements according to

+

f(m), 0< m< - -1
y(m) =10, others ,
N+
fm—M+N), M—N+75 m< M—1
45
where
N, N even
N = 46
N+1, N odd

Perform the inverse discrete Fourier transform
on y(m) and divide by the energy decay to obtain
the interpolated sequence %(f) of x(n), where 0<
i< M-1:

.M.
f = fit{x) 43 X= left{y} a7
We then have We then have:
Mo
=== > ymuwy," =
N M gy
N
1 7! | e
N 2 el s T =M N) @y =
m=0 m:M—N+%
1 %" N-1 1 M-1  N-1
N Z X(I’L) wnwa;/Imt + N Z Zx(n) wnN(m—MJrN)w;v;m —
m=0 n=0 m:M—N+% n=
1 %“ N-1 1 - N-1
TDIPRCE RSP WP UL
m=0 n=0 m:—N+% n=0
N
e 7!
N x(n) Z a)x("_m) =
n=0 m——N+%
N-1
x(m)on(p) 48
n=0

where p=n—-at, @ and r=0,1,--- ,M-1.

= M R
The term 6y (p) represents the Dirichlet kernel:

sin(Tp)

w”?, Neven
Nsin(np/N)

on(p) = 1 N odd

Equation (48) can thus be interpreted as select-
ing the values of n that satisfy p =0 using oy (p),
yielding %(¢) = x(at). It is important to note that
only for Equation (48), the correctness of the result

still holds when @ > 1.
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Appendix B: interpolation error

(T
Assume a signal defined as x(n)=sm(§n)

with a sampling number of N =20, where n=
0,1,2,---,N—1. Using the interpolation method
outlined in Appendix A, the sampling number is in-
creased to 10N to obtain X(n), as illustrated in
Fig. 12.

polated signal closely matches the accurate values.
However, if the sampling number is altered to
N’ =15 so that the periodically extended x(n) be-
comes discontinuous at the boundaries, and the
same interpolation method is used to increase the
sampling count to 10N’, the resulting signal is de-

noted as X(n), as shown in Fig. 13.

Lo ~sinn)
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X(n
-10¢k ® n

Fig. 13 Analytical curve, original signal x(n), and interpol-

ated signal ¥(n) for N’ = 15

Fig. 12 Analytical curve, original signal x(n), and interpol-

ded signal is continuous at the boundaries, the inter-

It is evident that when the periodically exten-

We then observe that the discontinuities pre-
ated signal x(n) for N =20 . o . .

sent at the boundaries diminish the interpolation ac-
curacy, with interpolation errors increasing as one

approaches the boundaries.
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