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for various incident angles
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Abstract: This study investigates the reduction in polarization measurement accuracy caused by varying in-
cident angles in a liquid crystal variable retarder (LCVR). The phase delay characteristics of the LCVR were
examined, with particular emphasis on the influence of different two-dimensional incident angles on phase
delay behavior. Building upon the calibration of phase delay under normal incidence, a phase delay calibra-
tion model was developed to account for variations in incident angle and driving voltage. A mathematical re-
lationship was established between phase delay and the azimuth angle (o) and pitch angle (5). Experimental
validation was conducted under three conditions: o = 20°, f = 0°;, a = 0°, f = 20°; and an arbitrary angle
where a = 5°, f = 15°. The results demonstrated that the maximum average deviation between theoretical pre-
dictions and experimental measurements did not exceed 0.059 rad. The proposed calibration method proved
to be both accurate and practical. This approach offers robust support for LCVR parameter calibration and

performance optimization in optical systems, particularly in polarization imaging applications.
Key words: liquid crystal variable retarder (LCVR); two-dimensional incident angles; drive voltage; phase
delay calibration
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1 Introduction

A liquid crystal variable retarder (LCVR) is an
optical device that manipulates the polarization state
of light by leveraging the voltage-dependent bi-
refringence of liquid crystals. Through the applica-
tion of an electric field, the orientation of the liquid
crystal molecules can be altered, which in turn mod-
ifies the light’s propagation velocity and enables dy-
namic regulation of phase retardation!. An LCVR
can be regarded as a series of crystal waveplates
with different phase delays™. Its exceptional electro-
optic tunability has led to widespread adoption in di-
verse domains, including polarization modulation,
beam control, optical communication, and space op-
tics.

In recent years, research on the LCVR has
gradually shifted its focus from the fundamental
voltage-phase delay relationship and material prop-
erties to a more comprehensive study of perform-
ance-influencing factors. In polarization imaging
systems, non-normal incidence alters the Mueller
matrix parameters of the LCVR, thereby increasing
Stokes vector measurement errors*. In the field of
quantum optics, an oblique incident LCVR can re-
duce the SAM-OAM conversion efficiency and in-
tensify quantum state crosstalk””. In hyperspectral
imaging, the phase delay of LCVR varies nonlin-
early with both wavelength and incident angle. For
example, in AOTF-LCVR integrated systems, spec-
tral channels located beyond a +3° field of view
may exhibit central wavelength shifts as large as
0.8 nm, accompanied by polarization measurement
errors that can rise by nearly an order of magni-
tudet®?. All the above applications require high-pre-

cision LCVR calibration as a prerequisite, and the

doi: 10.37188/CO.EN-2025-0035

CSTR:32171.14.CO.EN-2025-0035

temperature gradient further amplifies the incident
angle sensitivity!'",

Nonetheless, most existing calibration method-
ologies focus predominantly on conditions of nor-
mal incidence. For instance, Chen et al. adopted a
Stokes vector approach to investigate the influence
of output polarization states on phase delay calibra-
tion'"!. Yang et al. demonstrated that the polariza-
tion angle of incoming light and the orientation of
the LCVR could be considered as decoupled fa-
ctors!'"?. Wang et al. developed an accurate and effi-
cient automatic measurement system by integrating
the comprehensive light intensity method, Soleil
compensator method, and equal deviation techno-

logy!"
a hybrid optimization algorithm combining particle

1. Hu et al. improved calibration speed through

swarm optimization (PSO) and support vector ma-
chines (SVM)!", Li et al. studied the variation of
phase delay with voltage under different wave-
lengths, presenting a practical solution for multis-
pectral calibration scenarios!*'%. In contrast, re-
search on calibration under non-vertical incident
conditions is still in the development stage. Zhang’s
team established a phase delay calibration model for
oblique incident angles up to 10° using the Stokes
vector method; however, this model considers only
the calibration of unidirectional incident angles, and
there are no clear accuracy reports!'”. Zheng et al.
reported that oblique incidence alters grating phase
modulation, lowering diffraction efficiency and dis-
torting polarization states, which affects practical
application performance'®'’). Moreover, under ob-
lique incident conditions, the nonlinear change in
phase delay with incident direction increases the dif-
ficulty of calibration, and there is currently a lack of
effective angle compensation model algorithms to

solve this problem.
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In summary, most current calibration studies
on LCVRs focus on normal incidence or small-
angle oblique incidence in a single direction. There
are relatively few studies on the calibration of the
LCVR phase delay under non-normal incidence and
multidimensional angles. This study analyzed and
discussed the influence of two-dimensional incident
angles (azimuth and pitch angles) on the phase delay
of the LCVR. Starting from the calibration at nor-
mal incidence, a quantitative relationship was de-
veloped to describe the dependence of phase delay
on two-dimensional incident angles. Experimental
investigations confirmed the variations in phase
delay under a range of incident angles and driving
voltages. Results highlight that even slight devi-
ations in the angle of incidence can have a notice-
able impact on low phase delays, which cannot be
overlooked. The proposed method provides a prac-
tical framework for assessing LCVR behavior and
offers strong support for refining parameter calibra-
tion and enhancing device performance in optical
applications such as polarization imaging and

quantum communication.

2 Theoretical analysis of LCVR pha-
se delay and incident angle

LCVRs function by altering the phase of in-
coming light through the electrically or magnetic-
ally induced orientation of anisotropic liquid crystal
molecules, which possess uniaxial birefringent prop-
erties® 2. As depicted in Fig. 1 (color online), the
device employs positive nematic liquid crystals—
elongated molecules that, due to the anchoring
forces of the alignment layer, align their long axes
parallel to the glass substrate. This molecular ar-
rangement effectively defines the optical axis, re-

23

sembling that of a uniaxial crystal®., To gain deep-
er insight into the behavior and application poten-
tial of LCVRs in optical systems, it is crucial to in-
vestigate how light propagates through the liquid

crystal layer. In this study, a refractive index ellips-

oid model was established to represent the liquid
crystal medium. By analyzing the orientation of the
incident light relative to the ellipsoid’s principal
axes, we quantitatively evaluated the birefringence
characteristics under different electric field condi-
tions, offering a structured basis for understanding

light propagation within LCVRs.

| 3:0—> /2

70 1S N9 —

Fig. 1 Modulation schematic diagram of the LCVR as a

polarization modulator

LCVR is essential for the design of polariza-
tion modulators because of its polarization-depend-
ent birefringence and voltage tunability. An LCVR
device can be manifested as a layer of LCVR sand-

wiched between two substrates?!

. When voltage
across the ITO conductive film is 0V, the liquid
crystal molecules retain their original alignment
without movement. As the voltage increases and
reaches the threshold value U;, the electric field
generated by the electrodes begins to influence the
molecular orientation. This adjustment in the align-
ment angle of the liquid crystal molecules results in
a change in phase delay and alters the polarization
state of the incident light.

When linearly polarized light incidents the
LCVR perpendicularly, it splits into two orthogonal
polarization components. These components corres-
pond to the major and minor axes of the elliptical
cross-section formed by the intersection of the re-
fractive index ellipsoid with the plane normal to the
incident wave vector K. The major axis represents
the direction of the extraordinary ray (e-light), while
the minor axis represents the direction of the ordin-
ary ray (o-light)
line), adjusting the driving voltage causes the prin-

125, As shown in Fig. 2 (color on-

cipal axis of the ellipsoid to tilt. During this adjust-

ment, the refractive index for the o-light stays con-
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stant, whereas the refractive index for the e-light

varies according to the molecule’s tilt angle.

Alignment layer

Fig.2 LCVR drive voltage and refractive index ellipsoid
deflection angle diagram. (a) Schematic diagram of
the two-dimensional angle incident LCVR. Refract-
ive index ellipsoid for (b) U< U, and (¢) U>U,,

When the driving voltage applied to the LCVR
is U U,, the index ellipsoid of the internal liquid-
crystal molecules of the LCVR is shown in Fig. 2
(b). When the applied voltage U exceeds the
threshold voltage U;, the liquid crystal molecules
begin to tilt in the direction of the electric field. This
tilt is characterized by an angle 6, representing the
deflection of the molecules’ long axis. Correspond-
ingly, the long axis of the refractive index ellipsoid
also tilts by 6, as depicted in Fig. 2(c). As a result,
the optical axis of the LCVR shifts by an angle 6 re-
lative to its initial orientation. The correlation
between the deflection angle 6 and the driving

voltage U is described by the following equation:

0, U<Uy)
0= U-u\" ,
g—Zarctan{exP{_( 00 L) ]}, (U >Up)

D

In this equation, U, is the threshold voltage,
and U, and M are constants related to the properties
of the liquid crystal material.

In the experimental setup, introducing a two-
dimensional incident angle to the LCVR is function-
ally equivalent to rotating it about the azimuthal and
pitch axes, which facilitates both interpretation and
calculation. To achieve precise control over the
beam’s incident angle, the system employed a
turntable to rotate the LCVR and adjust the azimuth-
al angle of the incoming light. Additionally, a set of
3D-printed support structures with predefined ang-

les was used to modify the pitch angle, enabling ac-

curate alignment and control of the light’s propaga-
tion direction. As illustrated in Fig. 2(a), the azi-
muthal angle is denoted by a, the pitch angle by S,
and the incident light wave vector is represented as
K = (0, cosp, sinf). The initial direction of the li-
quid crystal optical axis is in the xoz plane and is
located in the negative direction of the x-axis, with
an angle ¢; = 45° to the z-axis. The vector expres-

sion for the optical axis L is as follows:

V2
2

L= (2)

0
V2
2

According to formula (1), when U>Uj, the de-
flection angle between the liquid crystal optical axis
and the x-axis is 8. Then, the angle between the light
vector K and the liquid crystal optical axis L is
/2 —6; at the same time, the optical axis vector is
represented as L'. Using the rotation matrix Rz (@),
the optical axis vector L" after azimuth rotation can

be expressed as

L' =R;(a)-L' =
) ———cosé
cosa —sina 0 2
sina¢ cosa O |- sind =
0 0 1 N
- cosf

2
cosa (—g cos 9] —sina(sin6)
2
sina[—T\/_ cos 0) + cos a(sinf) . (3
> cosf

Using the vector dot product formula, the dot
product between the optical axis vector L"—after
azimuthal rotation—and the incident light wave vec-
tor K allows for the derivation of the optical axis
vector L"" following the combined rotations in both
azimuth and pitch directions. The angle y between
the optical axis vector L'’ and the incident wave
vector K is then defined. This angle y plays a critic-

alrole in determining the effective refractive in-
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dices for the extraordinary (e) and ordinary (o) light,
which in turn directly governs the phase delay intro-
duced by the LCVR. When L =K-L” = |K|-|L"|-

cosy, the expression for angle y is as follows:

2
7y =arccos {cosﬁ [sina (— %cos@) +cosa (sin 9)} +

sinﬁ(gcose)} . 4

The phase delay of the light modulated by the
LCVR is §(4,0) = {2nd [n, — n,] cos’ 6} /A%, When a
voltage is applied, the long axis of the liquid-crystal
molecules tilts. As the angle y between the incident
light wave vector K and the light axis L changes, de-
pending on the birefringence characteristics of the
anisotropic crystal, the refractive index of the o-light
remains unchanged. In contrast, the refractive index
of the e-light changes. The refractive index formula
for e-light is given by: n.(y). At this point, the
phase delay of the light modulated by LCVR can be

expressed as

2nd
0(4,y,0)= % [1e (y) — 1o | cos?0 =

2nd NoNe

- —n,|cos’d ,  (5)
(n2sin®y + n2cos?y)?

where n. and n, are the two intrinsic values of the
refractive index ellipsoid and d is the thickness of
the liquid crystal layer. Due to the varying incident
angles of the incoming light on the LCVR surface,
the optical path length inside the device changes ac-
cordingly. For an LCVR with a physical thickness d,
if the incident beam enters at an angle relative to the
surface normal, the actual distance traveled within
the medium is denoted as d’. Under these conditions,

the phase delays experienced by the e-light and o-

light are given by:
2 7
6(4,7,0) = 7; [ne(y) = o] cos’6 =
2nd NoNe )
—n, 0.
Acos(sina - sinf) s T R
(n2sin”y + nZcos?y)?
(6)

3 LCVR phase delay measurement
and calibration

3.1 Measurement of drive voltage and phase delay
at different incident angles
This study used the light intensity method to
measure the delay of the LCVR, and the principle is

shown in Fig. 3(a) (color online).

()
=
5 l'% h Detector
‘ — "ol Polarizer 2
) . LCVR
Polarizer 1

’ 1/2 wave
Light plate
source

meter | OAYA
display L

Fig. 3 (a) Optical path principle diagram for LCVR phase
delay measurement. (b) Phase delay measuring de-

vice diagram

The incident light source used was a 532 nm
wavelength laser. The polarizer (P;) and analyzer
(P,) were Glan-Taylor calcite polarizers, with the
polarization axes of the two polarizers forming
angles @, and @; with the x-axis, respectively. The
LCVR employed in the experiment was the LBTEK
LCVR-H20C-B half-wave model, featuring a trans-
mission range of 350—700 nm. The fast axis of the
LCVR was oriented at an angle ¢, with respect to
the x-axis. Voltage control was provided by the LB-
TEK LCVRC-2K25 controller, delivering a 2 kHz
square wave with an adjustable output voltage range
of 0—25 V. The rotation stage utilized was the Thor-
labs OCT-XYRI1/M, an XY-axis translation plat-
form capable of full 360° rotation and a travel range
of 13 mm along both the X and Y micrometer axes,
with a positional accuracy of 10 um. Light detec-

tion was carried out using a Thorlabs S130C ultra-
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thin photodetector power sensor, and the corres-
ponding light intensity was monitored via a Thor-
labs PM200 optical power meter.

To measure the phase delay of the LCVR more
accurately, ¢, = 0°, p; = 45°, and ¢; = 0° or @3 = 90°
are set. When ¢; = 0° or ¢; = 90°, that is, when P,
was parallel or perpendicular to P,, the light intensit-
ies I = IoCOSZg and 1, = It)Sin%S were measured in
the parallel and perpendicular directions respect-
ively, according to reference [26]. The phase delay o
of the LCVR can then be calculated using the fol-

lowing formula:

1
0 = 2Nw +2arctan I_L
I

(N=0,1,2,---) . (D

In accordance with the above method, at room
temperature (25 + 0.5) °C, a vertically incident light
source was used, and the outgoing light intensity
was measured under 0—10 V driving voltages and

parallel and vertical conditions of P, and P,, respect-

ively. The variation curve of the transmittance T
with respect to the driving voltage U under two ex-
perimental conditions is presented in Fig. 4(a) (col-
or online). By substituting the measured data into
Equation (7), the corresponding phase delay J was
calculated. As shown in Fig. 4(b) (color online), for
the condition o = 0° and § = 0°, the vertical-incid-
ence phase delay curve J(V) was obtained. Based on
this curve, and through analysis and derivation us-
ing the phase delay equation (5) for LCVR- modu-
lated light, the unknown parameters n., n,, and d
could be determined. Similarly, using Equation (1),
which defines the relationship between the optical
axis deflection angle 6 and the driving voltage U,
the parameters U;, U,, and M were extracted. The
phase delay of the LCVR under any incident light
angle can be obtained using Equation (5), and the
relationship between the LCVR driving voltage and
phase delay can be obtained, as shown in Fig. 4(b).

1.0 5.0
45E
0.8} 40F
30l
I <30l
w00 £25¢
04} <20t
15}
02F 1.0}
0.5}

0 0

uv

Fig. 4 At2=532 nm, (a) 7-U diagram under normal incidence and (b) J-U diagram at different azimuth incidence angles

As shown in Fig. 4(b), by changing the azi-
muth angle a, when o = 0° and § = 0°, the phase
delay 0 gradually decreases from high to low. When
a < 0° and f =0°, it first increases and then de-
creases. When a > 0° and £ = 0°, it first decreases
and then increases.

As the liquid crystal molecule can only rotate
between 0—=n/2 when the voltage is increased, the
black line in Fig. 5 (color online) indicates the start-
ing position of the liquid crystal optical axis, the red
line indicates the terminal position of the liquid
crystal optical axis, the dashed line indicates that the
azimuth alpha is 0°, and the arrow is the direction of

the incident light vector K.

As illustrated in Fig. 5(a), the phase delay o
reaches its maximum when the initial orientation of
the liquid crystal optical axis is perpendicular to the
incident light wave vector K. As the driving voltage
increases from 0 V to 10 V, the principal axis of the
liquid crystal molecules progressively tilts in re-
sponse to the applied electric field. When the prin-
cipal axis is rotated parallel to the incident light vec-
tor K, that is, when the rotation is 90°, the J value
reaches its minimum value. At this stage, when the
voltage is further increased, the J value remains un-
changed. As shown in Fig. 5(b), when the initial azi-
muth of the liquid crystal o < 0°, the angle y

between the principal axis of the liquid crystal and
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the incident light vector K is more than 90°. With
increasing voltage, y decreases until the molecular
principal axis of the liquid crystal becomes perpen-
dicular to the incident light vector K, the J value
reaches its maximum. As the voltage continues to
increase, y decreases further, the J value begins to
decrease, and the molecular principal axis remains
fixed once rotated to 90°. As shown in Fig. 5(c),

when the initial azimuth of the liquid crystal o > 0°,

the angle y between the principal axis of the liquid
crystal and the incident light vector K is less than
90°. With increasing voltage, y decreases; when the
principal axis becomes parallel to the incident light,
the ¢ value reaches its minimum. As the voltage
continues to increase, y increases, ¢ increases, and
the molecular principal axis remains fixed once ro-
tated to 90°.

5 5 5
— a=0°4=0° — 0=—20°p=0°
4 4 4
3
g g 3 "§ 3
=2 =9 =9
! 1 1
O (a) 1 1 1 1 0 (b) 1 1 1 O
0 2 4 6 8 10 0 2 6 8 10

Fig. 5 J-U curves for different incidence angles. (a) a = 0°, = 0°; (b) a<0°, f=0°; (c) a>0°, f=0°

When the pitch angle § changes, the variation
in the LCVR phase delay ¢ follows a similar pattern.
3.2 Measurement of the incident angle and phase

delay at different driving voltages

Under different driving voltages, the two-di-
mensional incidence angle, that is, the 3D relation-
ship between different azimuth angles o and pitch
angles f (a and f range from —20° to 20°), and the
LCVR phase delay J value is shown in Fig. 6 (color
online). When the driving voltage U is 0 V, the J
value first decreases and then increases when a is

changed, and the ¢ value first increases and then de-

creases when f is changed. When the driving
voltage U is set to 2.2V, the phase delay J in-
creases monotonically with changes in a, while it
decreases monotonically with variations in . At a
higher driving voltage of 10 V, ¢ exhibits a non-
monotonic trend with respect to both o and f, ini-
tially decreasing and then increasing, forming a
symmetric quadratic curve centered around zero.
Under these conditions, the optimal operating
ranges for the azimuth and pitch angles can be iden-

tified from the 3D diagram.

48 (a 4.6 b 4.5 ¢ 1.0
i @ 18 500 L@ 19
44 4.0 0.8
43 40 1.0 0.7
43 235 35508 0.6
@4 0 41 530 3.0 = 0.0 0.5
40 25 )5 0.4 0.4
3.9 20 : 0~(2) 0.3
38 15 2.0 0.2
“7%/, 20 3_7 10 20 19 20] 01
YUy O 20 10 10 20" 15 A4z O 10 ~10 0 10
%4, 20220 —10 10 A0 0 1990 ~10 0 Mgy, =20-20 “M\g\eﬁ
é“/o Pitch angle B “imuth angje ,~ pitch angle p e, Pite
2

Fig. 6 3D relationship of J-a-f at different driving voltages. () U=0V; (b) U=22V;(c) U=10V

3.3 LCVR phase delay calibration and verification compared with the experimental values to verify the
delay calibration of the LCVR. The phase delay J

calculated under different voltages according to for-

To further verify the feasibility of the calibra-
tion method, the theoretical values of o =20° = 0°,

a=0° p=20° and any angle a = 15° f = 5° were mula (5) is the theoretical value, which is represen-
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ted by small circle discrete points; the measured val-

vertically incident LCVR, as shown in Fig. 7 (color

ues are represented by discrete x points. The solid online).
line represents the voltage-phase delay curve at the
5.0 5.0 5.0
1 - Theory | - Theory - Theory
4.0 - Experiment 40 ~ Experiment 40 ~ Experiment
'g 3.0 = Original g 3.0 = Original g 3.0 = Original
820 = 2.0 2.0
1.0 1.0 1.0
0 (a) 0 (b) (©) ,
0 2 4 6 8 10 0 2 6 8 10 00 2 4 6 8 1
/A% UV UV

Fig. 7 Comparison of the theoretical and experimental results. (a) a=20°, f=0°; (b) a=0°, =20°; (c) a=15°, f=5°.

In Fig. 7, the experimental phase delay values
exhibit strong agreement with the theoretical curves
derived from the calibration model across all driv-
ing voltages, with the average deviation remaining
below 0.059 rad. Notably, the relationship between
driving voltage and phase delay at oblique incid-
ence deviates significantly from that observed un-
der normal incidence. Under these conditions, the
maximum phase delay error introduced by the incid-
ent angle reaches about 0.432 rad, a magnitude that
is non- negligible in the context of high-precision
polarization measurements. The primary sources of
measurement error in the system are attributed to in-
accuracies in the fine-tuning mechanism and slight
misalignments between the polarization directions
of polarizers P, and P, and the LCVR’s fast axis ori-

entation.

4  Discussion

The experimental results indicate that the over-
all relative deviation between the theoretically cal-
culated value of the calibration phase delay quantity
and the experimentally measured value is small, and
the consistency is good. A comparison of the theor-
etically calculated values and the experimental
measurement values, as shown in Fig. 7, reveals that
the fluctuations and average errors of the calibra-
tion results are small throughout the entire experi-
ment, and that the maximum deviation does not ex-

ceed 0.059 rad. In contrast to earlier LCVR phase

delay calibration models under non-normal incid-
ence, much of the existing research!> ' ' has
primarily addressed a single angular parameter, usu-
ally by varying only the azimuth angle o of incid-
ence. However, such approaches do not account for
the coupling effects of two-dimensional incident
angles, limiting their ability to correct the substan-
tial errors arising from simultaneous variations in
both the azimuth angle o and the pitch angle f in
high-precision modulation scenarios. To address this
issue, the present study introduces a joint calibra-
tion model incorporating both a and S, proposes a
two-dimensional incident angle calibration equation,
and quantifies the coupled impact of o and § on
phase delay. Combined with the refractive index el-
lipsoid analysis method, the limitation of single-dir-
ectional angle variable is made up. The high consist-
ency between the experimental data and the theoret-
ical model indicates that the refractive index ellips-
oid principle still has good applicability under non-
vertical incident conditions, significantly improving
the accuracy of phase prediction under complex in-
cidence conditions. Accordingly, this study expands
the applicability of LCVRs while also providing a
theoretical basis for the optimal design of polariza-
tion modulation systems with high precision. In ap-
plications such as interstellar polarization remote
sensing, optical elements are often exposed to incid-
ent light from various directions. Methods that dis-
regard the effects of two-dimensional angular vari-

ation may consequently lead to errors in target re-
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cognition.

The current model does not account for the ef-
fects of temperature fluctuations and environmental
changes on the refractive indices of LCVRs. In fu-
ture integrated devices, a multidimensional calibra-
tion equation incorporating environmental paramet-
ers will be developed to increase the robustness of
this model. By combining multi-physics analysis
with intelligent algorithms, it becomes possible to
dynamically compensate for the incidence angle of
LCVRs, thereby strengthening both the real-time re-
sponsiveness and adaptability of polarization ima-
ging systems. Such progress will accelerate the
practical implementation of LCVRs in complex op-
tical architectures and provide a technological
foundation for the enhancement of next-generation

high-precision optical instruments.

5 Conclusion

In this study, the propagation characteristics of
light in the LCVR were analyzed in depth, and the
relationships among different incident angles, driv-
ing voltages and phase delays were revealed. Under

conditions of normal incidence, the phase delay of
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