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SSFM-global-error-local-energy method for improving

computational efficiency of passively mode-locked fiber laser

Y AN Run-bin, HE Xiao-ying", ZHANG Chuan, ZHANG Yin-dong, RAO Lan
(School of Electronic Engineering and Beijing Key Laboratory of Space-Ground Interconnection and
Convergence, Beijing University of Posts and Telecommunications, Beijing 100876, China)
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Abstract: We propose a method for improving the computational efficiency of passively mode-locked fiber
laser, which is composed by Symmetric Split-step Fourier Method (SSFM) and the Global-Error-Local-En-
ergy (GELE) method for solving propagating equations. Our proposed method relies on the limitation of loc-
al energy increment related with global error within a certain value to control the selection of step size. This
method has advantage of an automatic step adjustment mechanism. To achieve the same order of computa-
tion accuracy, the computational time of our method is 255 s, while SSFM with small constant step size
method needs to calculate 3855 s. The computational time of our proposed method is one or two orders of
magnitude less than that of the SSFM, which indicates our method can enhance the computational efficiency
by a factor up to 10. It could be expanded with high-order algorithms, such as the fourth-order Runge-Kutta

in the interaction picture (RK4IP), Adams, predictor—corrector, etc. for improving the accuracy.
Key words: mode-locked fiber laser; dissipative soliton; split-step Fourier method; adaptive method
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1 Introduction

Passively mode-locked fiber lasers can pro-
duce ultrafast laser outputs in the picosecond or
even femtosecond range, thus they have high re-
search value and widespread application fields, such
as optical communication, biomedicine, precision
machining and so on. With the performance im-
provement of ultrafast mode-locked fiber lasers,
their composition about the passive and active fiber
and structures become more complex. To guide the
experimental design of the mode-locked fiber lasers,
their simulation models for simulating and analyz-
ing the ultrashort pules propagation are more com-
plex and their simulation round trip reach to
2000 times!" with long time-consuming and low
computation efficiency?™. As we all know, compu-
tational efficiency decreases as the accuracy of the
computation increases.

The nonlinear Schrodinger equation (NLSE) is
the most basic equation for simulating the propaga-
tion of nonlinear pulses in the passive fibers. It
could consider and describe the effects of second-
order dispersion and self-phase modulation (SPM).
There is also gain and gain dispersion in active
fibers, which are usually described using the Gin-
zburg—Landau equation (GLE). The modeling of ul-
trashort pulse fiber laser mainly relies on the calcu-
lation of these two equations.

In the previous work, algorithms for solving
these nonlinear equations have been developed a lot.
Split-step Fourier method (SSFM) has been widely
used for numerical solutions in NLSE and GLEF®.
It is faster than most finite difference methods,
mainly due to the use of the Fast Fourier Transform
(FFT) algorithm!. Then on this basis, a symmetric
split-step Fourier method and a fourth-order Runge-
Kutta method for the nonlinear part (SSFM-RK4)
are derived®. The fourth-order Runge-Kutta in the
Interaction Picture (RK4IP) method was originally
used for Bose-Einstein condensates, but proved to

be effective and precise. Because it eliminates the

error that comes with calculating the dispersive and
nonlinear parts separately, the two parts occur sim-
ultaneously®™ ', It was found in some recent studies
that the numerical solutions provided by SSFM and
symmetric SSFM are more stable than the numeric-
al solutions of the RK4IP method. Furthermore, the
RKA4IP method introduces an unexpected energy
change, which cannot reproduce the fine structure of
the time distribution in the proposed soliton dynam-
ics!"!. SSFM has also developed variants for differ-
ent situations, e.g. the embedded split-step Fourier
method (embedded-SSFM) is proposed to repro-
duce the soliton fission dynamics!?.

Various kinds of methods related with the SS-
FM including the nonlinear phase-rotation method,
the logarithmic step-size method, the walk-off meth-
od and the constant step-size method have been pro-
posed to improve the precision or computational ef-
ficiency, of which the local error method™! is used
widely. Usually, these methods are proposed for
some specific systems. For example, an adaptive
split-step Fourier method (ASSFM) is proposed ac-
cording to the parameters of photonic crystal fibers
(PCF), which due to the minimum area mismatch
(MAM) further improve the computational effi-

. The conservation quantity error (CQE)

ciency!
method is proposed as an enhanced local error meth-
od, which can be utilized to combine with higher-or-
der integral algorithms!*l. There are also adaptive
methods proposed to limit the step size according to
specific judgment criterial'®.

The most commonly-used algorithms for the
simulation of mode-locked lasers are the analytical
methods and the simulation model based SSFM!7'#
which brings the long computational time and low
computational efficiency. An adaptive method needs
to be put forward for improving the computational
efficiency of the SSFM method and decreasing the
computation time in ultrafast mode-locked fiber
laser.

In this paper, an efficient and competitive SS-
FM-GELE method is proposed to improve the com-

putational efficiency of the mode-locked fiber laser
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model. The estimation of the global error as the cri-
terion to adaptively adjust the step size of the fiber

is obtained from the local energy increment.

2 Theory

2.1 Theoretical model of passively mode-locked
ultrafast fiber laser

For the establishment of the theoretical model
of passive mode-locked fiber lasers, there are
mainly two ways. One is to normalize various sys-
tem parameters into one equation to solve its self-
consistent solution of the equation, which is the
pulse output of the mode-locked fiber laser™. Its
disadvantage is that the intracavity evolution charac-
teristics of the pulse cannot be obtained.

For the other way, the actual operation of each
device and fiber in the laser cavity is individually
considered, and the pulse is gradually transmitted in
these devices and fibers”, so that the intracavity
evolution characteristics can be obtained. Further-
more, the pulse tracing method is used to simulate
the operation of the pulse in the cavity. Different
propagation equations are used for different devices
in the cavity. Specifically, NLSE is used in Single
Mode Fiber (DCF) and GLE is used in active fiber.
For saturable absorber, coupler filter, etc., the trans-
fer function of the devices is used directly. In the
model, the initial pulse can be set to white noise.
After the pulse runs for one circle in the cavity, the
output result is used as the initial pulse input for the
next circle, so that the mode-locked pulse output can
be realized in this model. It is worth emphasizing
that this method provides insight into the formation
of optical pulses and their dynamics, especially the
influence of different devices in the cavity on pulse
shaping, which is usually difficult to observe by ex-
periment. Here, this is chosen to carry out numeric-
al simulation on ultrashort pulse fiber laser in this
paper.

2.2 The pulse propagation equation

The equations describing the propagation of

laser pulses in fibers are NLSE and GLE. The optic-

al pulses transmitted in the SMF will be affected by
the group velocity dispersion (GVD) and the nonlin-
ear effect. To obtain the equation describing the
evolution of the optical pulses in the SMF, we can
start from the Maxwell's equations, through a series
of approximations, and finally obtain the NLSE.
The NLSE can be written as

%—f =-i———+iy|lAlA . (D
In formula (1), A is the amplitude of the pulse en-
velope, z is the distance of the pulse transmission,
and B, is the GVD coefficient. The quantity T =
t—z/v, =t -z, is the retarded time traveling at the
envelope group velocity, where v, is the group velo-
city and p, is the reciprocal of v,. y is nonlinear
coefficient. This equation is the simplest nonlinear
equation form to study pulse evolution in optical
fibers. According to different experimental condi-
tions, this equation also could be modified.

The active fiber generally refers to the fiber
doped with rare earth ions, and its gain effect has an
important influence on the evolution of the optical
pulse. In addition to the nonlinear effect and the in-
fluence of GVD in the active fiber, there are also
gain and gain dispersion, as cannot be described by
NLSE. Usually, the GLE is used to describe the
pulse propagation in the active fiber. The GLE can

be written as

0A a Pr0PA B PA

5 AT e
APALEAs 8 TA
W|A|A+2A+2QKBT2 . 2

In formula (2), « is the loss in the fiber, g is the gain
coefficient of the active fiber, f; is the third-order
dispersion, and €, is the gain bandwidth.
2.3 The split-step Fourier method

In the mode-locked laser model, solving NLSE
and GLE is the prerequisite condition. The analytic-
al solutions of equations (1) and (2) are difficult to
obtain but its numerical solution can be easy to
solve. At present, the split-step Fourier method is

commonly used to deal with the pulse propagation
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in nonlinear dispersive media. This method has the
advantages of high speed and high precision.
For numerical integration, it is convenient to

represent (1) and (2) in the form

66—A:(5+N)A . (3)

Z

where D is a linear operator that takes into account
the dispersion, gain and loss in the medium, and N
is a nonlinear operator. For the GLE (2), they are

given by

N=iylA? . (5)

Dispersion and nonlinearity work together
along the length of the fiber. The SSFM assumes
that dispersion and nonlinear effects work independ-
ently during the propagation of the pulse within a
small distance %, so as to obtain an approximate
solution. More specifically, the propagation from z
to z + & is done in two steps. In the first step, the
nonlinear effect works alone, that is, D = 0 in
Eq. (3). In the second step, the dispersion effect
works alone, that is, N =0in Eq. (3). Mathematic-

ally it can be expressed as:
A(z+h,T)~exp(hD)exp(hN) A T) . (6

Two-step process is repeated over the entire
fiber to approximate nonlinear pulse propagation.
Since the dispersion and nonlinear operators do not
commute in general, the solution (6) is only an ap-
proximation to the exact solution.

In order to improve the accuracy of SSFM, it
can be optimized by using the symmetrical SSFM.
Suppose there are two operators @ and b that exhib-
it non-commutation, then according to Baker-Haus-

dorff formula, it can be expressed as:

exp@exp(l;) =
expla+T+ 3 @8]+ 5 [a-B[a] 4]
D
where, [E,Z] =ab—ba.Puta=hD , b = hN into the

equation (7). Currently, the accuracy of the spilt-
step Fourier method is O (h?). This method im-
proves the calculation accuracy to some extent, and

the solution is as follows:

Aiz+hT)= exp(gﬁ)exp(hﬁ)exp(gﬁ)A (z,T)
(8

The biggest advantage of this method is that it
no longer simply separates linear and nonlinear cal-
culations but includes nonlinear effects in the
middle part of the interval. This processing method
can improve the accuracy to 3rd order of step size 4.
Because the operators in Eq. (8) show a symmetric
form, we usually call this algorithm as the symmet-
ric SSFM. This method plays an important role in
solving many optical problems. In addition, al-
though this symmetric SSFM has advantages over
other general methods in numerical solution, it
should be noted that in this method for choosing ap-
propriate parameters. The size of the window should
be appropriate so that the pulses are still within this
window after the transmission is completed, other-
wise the pulses will be superimposed. Besides, to
ensure the accuracy of the results in the SSFM with
constant step, the selection of the step size should be
moderate. If the selection of the step size is too long,
it will lead to insufficient accuracy. If the selection
of the step size is too small, it will increase the
amount of calculation.

2.4 SSFM-Global-Error-Local-Energy method

We combine global-error-local-energy (GELE)
method with SSFM into SSFM-GELE method,
which is proposed to solve the problem related with
computational efficiency. In our laser model, a loc-
al energy can be used as a criterion to estimate the
total error, so it can be used to control step size of
the laser in every round trip. This idea about the loc-
al energy comes from the stable pulse energy circu-
lated in the laser system.

When simulating the GLE equation in the act-
ive fiber, the energy contained in the pulse is calcu-
lated. We use this calculated energy to limit it to a

certain range, so that the energy of the pulse within
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a certain step size / is not particularly high, then the
overall error of the final pulse is not too much com-
pared with the fine solution.

In the SSFM-GELE method, the step size is ad-
aptively chosen so that the calculated 6 for each turn

is limited to a specified range. The J is defined by

5= [ |u, O de= [ Jug, 0 dr 9
n; = L},lilF N (10)

where i is the number of round trips, the total num-
ber of round trips is a constant. L, is the length of
active fiber. i; and n; are respectively the step size
and step number of i-th round. The selection of the
step size adjustment coefficient will affect the effi-
ciency of the method.

In our method, the step size is chosen by keep-
ing the ¢ within a specified range (1/26g, dg), where
Og is the goal energy increment standard of a step
size, using g to control the change of step size can
make the total error of the target be controlled with-
in the goal value. If J is in the range ](5G, 26¢), the

step size is divided by a factor of 23 for the next
1
step. If 6 < 250 the step size is multiplied by a
G

factor of 23 for the next step. The value of 6 should
be adjusted in the simulation according to the ac-
ceptable global error.

Using the global error to control the adaptive
change of the step size, which could increase the
computational time. Here, we choose d the local en-
ergy increment as a substitute of the global error,
which can avoid unnecessary computational time
consumption. Furthermore, when solving the GLE,
the local pulse energy in the active fiber must be
calculated. Thus, the proposed SSFM-GELE meth-
od as a global error optimization method can be util-

ized in the laser model.

3  Numerical results

In this section, the performance of the adaptive

step size algorithm described in Section 2 is com-

pared with the traditional constant step size al-
gorithm. To compare the different methods, first a
fine solution A,; is computed with SSFM-constant
method using a fine small step size called as SSFM-
fine, which step size is smaller than the smallest step
size chosen by the adaptive method. Next, the nu-
merical solutions A, is obtained by various kinds

of methods and the global error ¢ is defined by:

N

D Acal = AP | /N

k=1

&= , (1D

max (lAref|2)
where N is the number of frequency grid points.
3.1 Dissipative soliton

In an all-normal dispersion laser, high-energy
dissipative soliton pulses can be output. In addition
to the balance of nonlinear effects and dispersion,
dissipative soliton also needs to consider the bal-
ance of gain and loss. These multiple effects work
together to produce a fixed local solution. It is worth
noting that this fixed local solution is independent of
the initial pulse condition. Dissipative solitons are
very sensitive to numerical errors, and thus it is re-
quiring an efficient adaptive algorithm.

Here an all-normal dispersion passive mode-
locked erbium-doped fiber laser is modelled for out-
putting a dissipative soliton, where its structure is

shown in Fig. 1.

EDF (1 m)

Filter

DCF (4m)

Fig. 1 Schematic diagram of all-normal-dispersion pass-

ively mode-locked Er-doped fiber laser

The fast saturable absorption model is applied
to simulate Saturable Absorber (SA), which absorp-
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tion coefficient is described as:

@y
EP
ESH[

a(t) = +a, , (12)

1+

where, a, is the modulation depth, E, is the pulse
energy, E, is the saturation energy of SA, and a,, is
the unsaturated loss. Due to the important role of the
saturable absorber in the evolution of dissipative
solitons, the modulation depth a is set to 30%. Re-
covery time is 500 fs, Ey, is 9.6133 pJ, and the a,,
is 5%. The GVD parameter of 4 m long DCF and
1 m long EDF is =36 ps/(nm-km), nonlinear coeffi-
cient is 0.004 W'-m™'. The gain fiber bandwidth
was set to 50 nm, the central wavelength was
1550 nm, gain coefficient is 4, and the saturation
energy was 8 nJ. Fibers are described using the
NLSE and GLE mentioned above, respectively. The
Gaussian-shaped filter has a bandwidth of 12 nm
and a central wavelength of 1550 nm. The coupler
power output ratio is 30%. Filter and coupler are
directly multiplied by their transfer functions in fre-
quency domain and time domain respectively. The
grid points are 8 192. The pulse evolves from initial
noise, and after many cycles, the pulse evolves into
a stable dissipative soliton. In the simulation, to
verify the advantage of our improved method, we
choose a large initial step size. The number of
cycles is set to 300 to enable stable mode-locking to
be established.
3.2 Comparison experimental

Before simulating with the SSFM-GELE meth-
od, it is necessary to observe the relationship
between global error and the parameter ¢. Ideally,
the global error should be linear with the local en-
ergy increment J. The curve in Fig. 2 is shown that
the global error is related with the local energy in-
crement 6. It is approximated as a straight line,
which proves that they are indeed linear relation-
ship. The local energy increment J can be as a good
indicator to evaluate the global error. To obtain a
low global error, the local energy increment o
should be controlled as a befitting range. The para-

meter J¢ it is utilized to adjust the local energy in-

crement J for improving the computing accuracy of

the simulation method.

0.004 0 -
0.003 5 °
0.003 0
0.002 5 -
0.002 0 -
0.001 5

Global error

o

0.001 0
L]

0.000 5 - /

0 (1 L L L L
OE+00 2E-10 4E-10 6E-10 8E-10
Local energy increment 6/J

Fig.2 The relationship between global error and the local

energy increment o

Fig. 3 (color online) shows the evolution of
pulse energy in a local region of the active fiber.
The local energy will rise a lot, due to the relatively
large initial step size used in our proposed adaptive
method. However, due to the limitation of d, the loc-
al pulse energy is quickly optimized to the level of
reference solution obtained by the constant method
at the 42nd round. That is, J is a parameter used to
control the step size. The result for red line is ob-
tained by SSFM with the extremely small constant
step size of 0.000 1 m as the fine solution, which can
be called as SSFM-fine by us. Two simulation
methods about SSFM-GELE and SSFM-fine with

small step have been compared in the following.

3.0E-09

—— SSFM-GELE

2.5E-09 | — SSFM-fine

2.0E-09

1.5E-09

Energy/J

1.0E-09

5.0E-10

|
50 100 150 200 250 300
42 Round trip

0E+00
0

Fig. 3 Energy evolution within a local step in each loop

Firstly, the pulse spectra are obtained by the
two simulation methods, as shown in Fig. 4. In

Fig. 4, the spectral shapes are rectangular, flat in the
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middle and steep on both sides, which proves that
obtained dissipative soliton mode-locked pulses ac-
cord with the structure design of the mode-locked
fiber laser. In Fig. 4(a) spectral bandwidth is
13.4nm, and in Fig. 4(b) spectral bandwidth is
13.1 nm. Their central wavelengths are both at
1550 nm. The difference between them is very
small. It can be concluded that the adaptive method
(SSFM-GELE) could present the same accuracy of
the spectra solution with small step constant meth-
od (SSFM-fine).

100 :
(a)

13.4 nm

—100

Intensity/dBm

—200

-300

1450 1500 1550 1600 1650 1700
Wavelength/nm

100 —
(b)

—100 -

Intensity/dBm

—200 [

=300 . - . .
1450 1500 1550 1600 1650 1700
Wavelength/nm

Fig. 4 The spectra of dissipative soliton. (a) SSFM-GELE
method; (b) SSFM-fine method

The temporal pulses have been obtained by the
two simulation methods, as shown in Fig. 5. The
difference in the simulation results between the
solution obtained by the SSFM-GELE method and
SSFM-fine is shown in the inserted picture in Fig. 5.
The pulse widths obtained by the SSFM-GELE
method and SSFM-fine method are 11.83 ps and
11.72 ps, respectively. Their time-bandwidth pro-
ducts are 158.5 and 153.5, implying that the pulses

have a very large positive chirp. Two intervals ba-

sically coincide so the adaptive method brings little
error to the result. Currently, the global error
between them is 8.261 4x10™.

50
---- SSFM-GELE

40 | —— SSFM-fine
330t ”“
2 ----11.83 ps
72}
520 —11.72ps
E

10}

0 1 1 1 1 1 1 1
-150 -100 =50 0 50 100 150
Time/ps

Fig. 5 The temporal intensity of dissipative soliton

Next, we observed the evolution of the mode-
locked pulses when using different methods. Fig. 6(a)
and 6(c) (color online) show the temporal evolution
of the dissipative soliton generation process calcu-
lated by the SSFM-GELE method. Fig. 6(b) and
6(d) (color online) show the temporal evolution by
SSFM-fine. By comparison, the proposed adaptive
method has little effect on the establishment pro-
cess of the dissipative soliton. The pulse is gradu-
ally narrowed and amplified from the initial noise,
and finally mode-locked in the dynamic balance of
gain and loss, dispersion and nonlinearity, and a
stable dissipative soliton is outputted.

Finally, to analyse the advantage of our pro-
posed method, the computation time and computa-
tion accuracy have been calculated to judge the sim-
ulation method. The global error tolerable depends
largely on the nature of the method being studied.
For the type of dissipative solitons that is simulated
here, global error of 10~ or smaller are required to
numerically achieve stable results that are adequate
for studying the physics of the process or for com-
parison with experimental results. In Fig. 7, it can be
clearly seen that the efficiency of the SSFM-GELE
method is always better than that of the SSFM with
a constant step size method. As expected, our pro-
posed adaptive methods always save unnecessary

computation time. We can also see that when the
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300
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Time/ps
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Fig. 6 Results from numerical simulation of dissipative soliton showing temporal evolution of the pulse in cavity. (a) By the
SSMF-GELE method. (b) By the SSMF-Fine method. Both (a) and (b) are color map. (c) and (d) are waveforms over

the propagation loop of 300.

calculation accuracy is higher, the SSFM-GELE
method saves more time than the normal SSFM with
constant step method. The global error calculated by
the SSFM-GELE method can reach 2.81x10°¢ with
255 s, while the SSFM with small constant step size
method needs to calculate 3855 s to achieve the
same order of computation accuracy. However, lim-

ited by the accuracy of the SSFM algorithm, the op-

1E-1 ¢
—=— SSFM-GELE
- ¢ - SSFM-constant
1E-2 |
g 1E-3
o
=
2 B4
= -~ _, (250, 4.38E-5)
1E-5 S
. (255, 2.81E-6)™  (3.85E3, 3.54E—6)

6 . . . . .
0 50 100 150 200 250
Computational time/s

3855

Fig. 7 Global error and the computational time calculated
by GELE and constant methods

timization accuracy of the SSFM-GELE method is
also limited. Thus, higher accuracy is required,
higher-order simulation algorithms would also be
needed to combine with our SSFM-GELE method.

4  Conclusion

In this paper, a SSFM-GELE method has been
proposed to simulate the numerical solution of pass-
ive mode-locked fiber laser. It is combined with the
SSFM method to solve problems involving both
NLSE and GLE equations. Such method is utilized
to optimize the step size by limiting the energy in
the local area of the active fiber, so that the global
error between the output pulse of each turn and the
reference solution decrease dreamily. It solves the
conflict problem between long computational time
and high accuracy in passively mode-locked fiber
laser simulation.

The performance of the mode-locked fiber
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laser based on the SSFM-GELE method and SSFM-
constant method have been compared. The compar-
ation results show that the SSFM-GELE method al-
ways outperforms SSFM-constant method in time
efficiency because the characteristic of our method
to dynamically adjust the step size leads to high
computational efficiency. The global error calcu-
lated by the SSFM-GELE method can reach
2.81x10°° with 255 s, while the SSFM with small

constant step size method needs to calculate 3855 s
to achieve the same order of computation accuracy.
At the same time, the SSFM-GELE method also en-
sures that the calculation accuracy would not be
lost. Our proposed method is not only combined
with the SSFM method, but also has the potential to
combine with other high-order algorithms, such as
RK4IP, Adams, predictor—corrector, etc for improv-

ing the accuracy.
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