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Study on grating of Smith-Purcell free-electron laser
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Abstract; In order to study the relationship between the output frequency of Smith-Purcell free-electron laser
and the depth, length and width of grating groove, the rectangular grating size of Smith-Purcell free-electron
laser is discussed by means of theoretical analysis and particle simulation methods. First, by particle simula-
tion, we found that the output frequency of Smith-Purcell free-electron laser decreases with the increase of
grating groove depth, grating groove length and grating groove width. Then, the grating groove of Smith-Pur-
cell free-electron laser is discussed by means of theoretical analysis. It is found that each grating groove can be
equivalent to an LC resonant circuit. There are two kinds of radiation in Smith-Purcell free-electron laser, one
is Smith-Purcell radiation and the other is LC oscillatory radiation. Finally, the LC oscillatory radiation of grat-
ing groove is estimated as well. Tt is found that the simulated values of output frequency of Smith-Purcell free-
electron laser and the estimation values of LC oscillatory radiation of grating groove are both on the order of 10
GHz, and the variation is consistent. It is inferred that the output frequency of Smith-Purcell free-electron la-
ser should be determined by grating groove rather than resonator.

Key words: physical electronics; free-electron laser; grating; resonator; Smith-Purcell radiation; LC reso-

nance circuit
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1 Introduction

When an electron beam passes over the surface
of a periodic metallic structure, it will excite electro-
magnetic radiation at far-infrared, micron, and tera-
hertz bands. This phenomenon is known as Smith-
Purcell (SP) effect, and this radiation is called
Smith-Purcell Radiation ( SPR)'".

spontaneous SPR is incoherent, weak and difficult to

However, this

detect and apply. To generate coherent SPR, a rela-
tivistic electron beam is usually used to driven a
high-frequency interaction system composed of an
open (or closed) resonator as feedback element and
a metal grating. This experimental structure is called
Smith-Purcell Free-Electron Laser ( SP FEL)'*’.
The SP FEL has been successfully tested in the far-
infrared,, micron and terahertz bands'®*®'. These ex-
periments have shown promising prospects for the
development of light sources in the far-infrared, mi-
cron and terahertz bands, and have become one of
the research hotspots of terahertz ( THz, 0.1 ~ 10
THz) sources at home and abroad. They constitute a
promising optional approach for developing high-
power, high-frequency, tunable, more compact,
simpler, and low-cost THz sources.

In order to generate high-power SP FEL, the
researchers have studied how to optimize the resona-
tor, electron beam and grating in recent years. The
study on resonator optimization found that the open
cavity structure similar to Orotron could increase the
radiation power by more than two orders of magni-
tude'®’. The average power output at THz bands can
reach hundreds of milliwatts or even a few watls,
many orders of magnitude higher than the traditional
Orotron. In terms of electron beam optimization, the
SPR frequency and power can be improved by pre-
bunching. In 2007, Shi Zongjun, Yang Ziqiang'’' et

doi;10.3788/C0.20201302. 0381

al. found that not only the coherent SPR can be gen-
erated , but also the desired SPR frequency and pow-
er can be obtain by prebunching. For example, co-
herent SPR can be obtained when a prebunched e-
lectron beam passes over the surface of a metal grat-
ing'"’. By selecting the right parameters, extremely
strong narrow-band THz radiation can be generated.
In 2016, Kumar P et al. reported the SP THz radia-
tion generated by a laser-modulated electron beam

on metal grating'"".

In terms of grating optimiza-
tion, SPR is improved mainly by optimizing the grat-
ing shape and structure. In 2015, Naumenko et al.
reported a kind of SPR based on concave grating,
and found that the spatial density of coherent SPR
could be significantly increased by concave grating.
In the same year, Zhang P et al. also reported a
kind of enhanced coherent THz SPR, which had
been generated by optimizing the grating, prebunch
and open resonator. In addition, they found that the
order of magnitude of the starting current could be
reduced by optimizing the grating parameters and
changing the width and height of grating groove''’.
They also studied the enhanced THz SPR based on a
grating groove array. The power of this SPR is ten
times higher than that when electrons pass over a
surface very close to the grating' ™. In 2016, Liu
Weihao, Lu Yalin et al. proposed an improved SP
FEL based on two cylindrical gratings in series. This
improved SP FEL can increase the radiation frequen-
cy, and raise the radiation power by dozens of

U416 4 can be seen from above that in the

times
study of SP FEL, the study of the relationship be-
tween the grating size and the output frequency of SP
FEL has always been a blank. Therefore, in this pa-
per, the SP FEL based on rectangular grating is
taken as an example to study the relationship be-

tween the size of grating and the output frequency of

SP FEL.
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2 Structure and theory of the SP FEL

based on rectangular grating

As illustrated in Fig. 1, the SP FEL structure
based on rectangular grating consists of an electron
gun, a resonator, a rectangular grating and a collec-
tor. In this device, at the resonator bottom is a rec-
tangular grating, whose grooves are parallel to the x-
axis direction. Both the grating and the resonator are
made of metallic materials ( such as oxygen-free cop-
per) with good conductivity, so their surfaces can be
considered as ideal conductors. The cathode ( elec-
tron gun) on the left of the grating can produce a
beam of electrons traveling along the z-axis. When
the electron beam passes over the surface of the rec-
tangular grating, a large number of charges will be
induced on the grating surface to form a periodic e-
lectric field near the grating. Under the effect of the
electric field, the electron beam in motion will emit
SPR. The wavelength of SPR is

A=D(;—cos(9), (1)

n
where D is the grating period, n is the number of
spatial harmonics, @ is the emission angle (that is,
the angle between the SPR and the direction of elec-
tron motion) , and B3 is the ratio of the velocity of e-
lectrons to the speed of light, 8 =v/c. According to

the equation (1), the wavelength range of spontane-

ous SPR fundamental wave is from D (é - 1) to
1

D( —+1 )
B

theory, the resonator surface can reflect the SPR of

[17-22]

According to traditional SP FEL

various wavelengths back to the electron beams, and
the reflected SPR can modulate the electron beams.
However, at the initial stage of electron beam injec-
tion, the SPR is not strong enough to cause the elec-
tron beams to bunching and start oscillation. When
the injection time exceeds the start time to oscillate,
the electron beams will begin to bunching due to the

increase of SPR intensity. When the beam-wave in-

teraction meets the oscillation conditions, the net
gain of the SPR satisfying the resonance conditions
in the resonator will begin to increase gradually and
finally establish the steady-state oscillation in the
resonator. According to the resonance conditions,
the resonator size must be reduced in order to in-
crease the output frequency of the SP FEL based on
rectangular grating. However, in the simulation of
SP FEL, our group found that it was difficult to in-
crease the output frequency of the SP FEL based on
rectangular grating by reducing the resonator size.
We also found that the grating grooves should be
changed to increase the output frequency of the SP
FEL.

Output port

Collector

Electron gun Resonator Beam
L L

Fig.1 Schematic diagram of the SP FEL based on rec-
tangular grating

1 FETHREIEEHY SP FEL Y )5 R &

3 Simulation and analysis of the SP
FEL based on rectangular grating

In order to study the relationship between the
size of grating and the output frequency of SP FEL,
the characteristics of the SP FEL based on rectangu-
lar grating was studied by a Particle-In-Cell ( PIC)
simulation method. PIC software is mainly used to
simulate the interaction of electromagnetic waves

and space charges in the vacuum electronic device,
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and to calculate and analyze the complex electro-
magnetic problems involving space charges. Tt
solves the electromagnetic problems by the Finite-
Difference Time-Domain ( FDTD) method to turn a
problem in the continuous domain of electromag-
netic field into a problem in the discrete system,
that is, by using the numerical solutions at dis-
crete points to approximate the real values in the
continuous field domain. It is called by the FDTD
because it differentiates the partial differential of
time when solving the Maxwell’s equations' >’
Through long-time development and improvement,
the simulation result of PIC software has become a
good fit to the experimental result, with a very
small error between them. Therefore, this software
is an ideal tool for the research on SP FEL charac-

teristics.

3.1 Simulation parameter of the SP FEL based
on rectangular grating

To generate strong coherent SPR during simula-
tion, grating parameters ( including the depth,
length and width of grating groove ), resonator pa-
rameters (including the length, width and height of
resonator) and electron beam parameters must be
optimized. The optimized resonator parameters and
electron beam parameters are shown in Table
11700, According to the equation (1), the wave-
length range of the spontaneous SPR fundamental
wave corresponding to the parameters in Table 1 can
be calculated to be from 1.026 9 mm ( correspond-
ing to the frequency 291.94 GHz) to 0.426 9 mm
( corresponding to the frequency 702. 18 GHz) in
the THz band. The Fig. 2 shows the 3D simulation

diagram of the SP FEL based on rectangular grating.

Tab.1 Resonator parameters and electron beam parameters of the SP FEL based on rectangular grating

£1 ETFERSHME SP FEL Mgk SHMBFREH

Parameters Value Parameters Value
Width of resonator/mm 1.5 Transverse size of beam/mm 0.5
Length of resonator/mm 36.9 Beam voltage/kV 50
Height of resonator/mm 0.75 Current/A 10

Fig.2  Simulation graph of the SP FEL based on rectan-

gular grating

K2 FETHEIECHY SP FEL FYBLLIE

3.2 Simulation results of the SP FEL based on
rectangular grating

The Fig. 3 shows the distribution of the kinetic

energy of electron beams along the z-axis at different

grating depths in the SP FEL. It can be seen from

Fig. 3 that the electron beams in SP FEL are bunc-

hing remarkably at different depths of grating

grooves, indicating that they have been obviously
modulated. By calculating the spatial period of the
pulsed electron string, it can be seen that the spatial
period of the pulsed electron string increases with the
increase of the depth of grating groove. Since the
spatial period of the pulsed electron string is propor-
tional to the operating wavelength of SP FEL, a lar-
ger depth of grating groove indicates a longer operat-
ing wavelength of SP FEL. The Fig. 4 shows the
FFT spectra of SP FEL at different depths of grating
groove. It can be seen from Fig. 4 that each FFT
spectrum contains multiple spectral lines, which be-
long to two different types of radiation. One type of
radiation or the radiation with the lower frequency o-
riginates from the diffraction emission of an evanes-

cent wave and has the same frequency as the evanes-
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cent wave. The other type of radiation is the second
harmonic of the evanescent wave. Judging from the
amplitude of FFT spectrum, the second harmonic is
just the output frequency of SP FEL. As can be seen
from Fig. 4, the output frequency of SP FEL will

decrease with the increase of grating groove depth.
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The Table 2 shows the simulated output frequencies
of SP FEL at different depths of grating groove. As
seen from the Table 2, the output frequency of SP
FEL decreases with the increase of grating groove
depth. It is worth noting that when the depth of grating

groove is equal to 0. 15 mm, the output frequency

Time 1.926 ns: PHASESPACE for all particles

B

SO'r
40-
301

20

:
!

Energy/particle/keV

T T T

-4 2 0 2 4
Z/mm
(b) 0.2 mm
Time 1.926 ns: PHASESPACE for all particles
' Rt
60 1
>
-
2
240
B
£
&
8 20
m

0 -! T T T T T :
4 2 0 2 4
Z/mm
(d) 0.3 mm
Time 1.926 ns: PHASESPACE for all particles
80 '
> 60+
Q
=<
2
=
E 40
<
Z
Q
5 20
0 ! T T T T T
-4 -2 2 4
Z/mm
() 0.4 mm

Fig.3 Kinetic energy of beams in bunching state of SP FEL at different slot depths of grating
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of SP FEL will be 723. 379 GHz, greater than the
wavelength (702. 18 GHz) of the spontaneous SPR
fundamental wave. This is unexplained by equation
(1). In addition, the output frequencies of SP FEL
at different lengths and widths of grating groove have
also been simulated. The Table 3 shows the simula-

ted output frequencies of SP FEL at different lengths

Magn, FFT of FIELD_POWER S. DA at TOP.AREA
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of grating groove. As seen from the Table 3, the out-
put frequency of SP FEL decreases with the increase
of grating groove length. The Table 4 shows the sim-
ulated output frequencies of SP FEL at different
widths of grating groove. As seen from the Table 4,
the output frequency of SP FEL decreases with the

increase of grating groove width.

Magn, FFT of FIELD_POWER S. DA at TOP.AREA
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Fig.4 Frequency spectra of the SP FEL at different depths of grating groove
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Tab.2 Simulation values of output frequency of SP FEL at different depths of grating groove

R2 EARENHMER SP FEL % H SR g & BE
Parameters Values
Number of periods 32
Period length of grating/mm 0.3
Slot length of grating/mm 1.5
Slot width of grating/mm 0.1
Slot depth of grating/mm 0.15 0.2 0.25 0.3 0.35 0.4
Simulation value of output frequency / GHz 723.379  529.786  483.632  436.827 400.121  370.060

Tab.3  Simulation values of output frequency of SP
FEL at different lengths of grating groove

£3 AEARRFALMEKE SP FEL % H 87 %= fos ilE

Parameters Values
Number of periods 32
Period length of grating/mm 0.3
Slot width of grating/mm 0.1
Slot depth of grating/mm 0.2
Slot length of grating/mm 0.75 1.5
Simulation value of output
727.255  529.786

frequency/GHz

Tab.4  Simulation values of output frequency of SP
FEL at different widths of grating groove
*4 HELRRFNMHEER SP FEL & H 87 R f# lE
Parameters Values
Number of periods 32
Period length of grating/mm 0.3
Slot length of grating/mm 1.5
Slot depth of grating/mm 0.2
Slot width of grating/mm 0.1 0.15 0.2

Simulation value of output
529.786 515.823 508.692
frequency / GHz

Tab.5 Estimation values of LCR of grating groove at
different groove depths
RS FRESHERESEMEN LCR AEE

Slot depth of grating/mm  Estimation value of LCR/GHz

0.15 302. 849
0.2 224.843
0.25 178. 800
0.3 148.412
0.35 126. 854
0.4 110.765

Tab.6 Estimation values of LCR of grating groove at

different groove lengths

x6 FRENHEKESEMERN LCR AEE
Slot length of grating/mm Estimation value of LCR/GHz
0.75 317.976
1.5 224,843

Tab.7 Estimation values of LCR of grating groove at
different groove widths

RT TREXMHEEREMER LCR S EE

Slot width of grating/mm  Estimation value of LCR/GHz

0.1 224.843
0.15 150. 806
0.2 137.482

4 Analysis and estimation of rectan-

gular grating

4.1 Analysis of rectangular grating

In order to explain the relationship between the
output frequency of the SP FEL based on rectangular
grating and the depth, length and width of grating
groove, the grating structure needs to be stud-
ied*'"**! Structurally, the grating grooves of the SP
FEL based on rectangular grating are very similar to
the anode cavities of a magnetron. As we all know,
each anode cavity in a magnetron can be equivalent
to an LC resonance circuit. For example, in the fan-
shaped anode cavity, the groove of each anode cavi-
ty can be equivalent to a capacitor, while the metal

portion of each anode cavity can be equivalent to an
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inductance. Since each anode cavity in a magnetron
can be equivalent to an LC resonance circuit, each
grating groove in SP FEL with the structure similar to
anode cavity can also be equivalent to an LC reso-
nance circuit. The parallel opposite parts of each
rectangular grating groove can be equivalent to a
parallel plate capacitor, whose capacitance can be

expressed as

L (2)

w
as shown in Fig. 1, [ is the length of grating groove,
referred to as grating groove length; d is the depth of
grating groove, referred to as grating groove depth;
and w is the width of grating groove, referred to as
grating groove width. The metal portion of each rec-
tangular grating groove can be equivalent to a U-
shaped wire. The inductance of U-shaped wire is ap-

proximately expressed as
L~ B g, (3)
2 ™
where k, and k, are constants; if w>r , then k, =In

2w -0.75,k, =In Y. 40.25, ris current penetra-
r r

tion depth. The higher the rate of current change,
the smaller the current penetration depth. For cop-
per conductors, when the current frequency reaches

4 GHz, the current penetration depth is already as

small as 0.1 mm. If w=r, then k, #lnzﬂ -0.75,
r

k,#In Y 40.25. Since only the output frequency
r

of SP FEL is estimated in the following text, k, =In

sz -0.75 and k, =In % +0. 25 will still be used to

estimate the value of LC oscillatory Radiation
(LCR).

Since each rectangular grating groove has ca-
pacitance and inductance, it is equivalent to an LC
resonance circuit. The resonant frequency of LC res-

onance circuit is

1
p = ————. 4
s 27 /LC 4)

The equations (2) and (3) are substituted into
equation (4) to obtain the estimation equation of

resonant frequency of each grating groove

w

ld(k,w +2k,d)’

fo (5)

c
 /am
The equation (5) indicates that the resonant fre-
quency of each grating groove is related to the groove
length [, the groove depth d and the groove width w.

" electron spokes"

In a magnetron, when the
sweep through the anode cavity, they will enable the
charging and discharging and then the oscillation and
the generation of electromagnetic waves in the anode
cavity. The generated electromagnetic waves can

continue to modulate the "

electron spokes" and
change the period of their rotation. When the rota-
tion period of " electron spokes" matches the reso-
nant period of anode cavity, electromagnetic reso-
nance will occur, the net gain of electromagnetic
waves will begin to increase gradually, and finally
the steady-state oscillation will be formed and maxi-
mized.

In the SP FEL, the resonator surface can reflect
the spontaneous SPR back into the electron beams
for interaction, thus modulating the electron beam
velocity. As the electron beams continue to move,
their velocity modulation will be changed into their
density modulation so that the electron beams will
bunching and form pulsed electrons. These pulsed
electrons resemble the " electron spokes" in a mag-
netron. When passing over the grating grooves, they
can induce the charges on the grating. The induced
charges will enable the charging and discharging and
then the oscillation and the generation of electromag-
netic waves in the LC resonance circuit correspond-
ing to the grating grooves. The generated electro-
magnetic waves can continue to interact with the e-
lectron beams in the resonator and modulate the
pulsed electrons, thus continuing to change their
spatial period. When the spatial period of the pulsed

electrons matches the resonant period of the LC reso-
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nance circuit formed by grating grooves, the net gain

of SPR will start to increase gradually and finally

form the steady state oscillation. Thus there are two

kinds of radiation in SP FEL. SPR and LCR.

4.2 Estimation of LCR value of rectangular
grating grooves

In order to explore the relationship between the
output frequency of SP FEL and the LCR of grating
grooves, the LCR values of the grating grooves at
different depths are estimated according to the equa-
tion (5) and the parameters in Table 1 and Table 2,
and the estimated results are shown in Table 5. The
current penetration depth used for LCR estimation is
0.1 mm. By comparing the simulated values of SP
FEL output frequency in Table 2 and the LCR esti-
mations of grating grooves in Table 5, it can be seen
that the simulated values of SP FEL output frequency
at different groove depths are of the same order of
magnitude as the LCR estimations of grating
grooves. The reason for the large error between the
simulated value of SP FEL output frequency and the
LCR of grating groove estimated from equation (5)
is that both inductance and current penetration depth
are approximated. In spite of this error, both the
simulated value of SP FEL output frequency and the
estimated LCR value of grating groove will decrease
with the increase of groove depth.

Likewise, the LCR values of the grating grooves
at different lengths can be estimated according to the
equation (5) and the parameters in Table 1 and Ta-
ble 3, and the estimated results are shown in Table
6. The LCR values of the grating grooves at different
widths can be estimated according to the equation
(5) and the parameters in Table 1 and Table 4, and
the estimated results are shown in Table 7. The cur-
rent penetration depth used for LCR estimation is
0.1 mm. By comparing the simulated values of SP
FEL output frequency in Table 3 and the LCR esti-
mations of grating grooves in Table 6, it can be seen

that the simulated values of SP FEL output frequency

at different groove lengths are of the same order of
magnitude as the LCR estimations of grating
grooves. In addition, they will decrease with the in-
crease of groove length. By comparing the simulated
values of SP FEL output frequency in Table 4 and
the LCR estimations of grating grooves in Table 7, it
can be seen that the simulated values of SP FEL out-
put frequency at different groove widths are of the
same order of magnitude as the LCR estimations of
grating grooves. In addition, they will decrease with
the increase of groove width.

The simulated values of SP FEL output frequen-
cy at different grating sizes are of the same order of
magnitude and in the same variation law with the
LCR estimations of grating grooves. It is inferred
that the output frequency of SP FEL is determined by
the LCR of grating groove, rather than the SPR.
That is, the output frequency of SP FEL is deter-
mined by grating grooves, rather than resonator.
However, the resonator is indispensable. Similar to
the central cavity of a magnetron, the resonator of
SP FEL is also a space of beam-wave interaction that
modulates the electron beams and enables them to
bunching. As can be seen from Table 2, when the
depth of grating groove is equal to 0. 15 mm, the
output frequency will be 723.379 GHz, greater than
the maximum wavelength (702. 18 GHz) of the
spontaneous SPR fundamental wave. Thus it can be
further inferred that the output radiation of SP FEL
should be the LCR of grating grooves, rather than
the SPR emitted by electron beams in a specific di-

rection.

5 Conclusion

Through the above PIC simulation and theoreti-
cal analysis, it can be found that;

(1) The output frequency of SP FEL decreases
with the increase in the depth, length and width of

grating grooves;
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(2) Each grating groove in SP FEL can be e-
quivalent to an LC resonance circuit;

(3) There are two kinds of radiation in SP
FEL. SPR and LCR;

(4) The simulated values of SP FEL output fre-

quency at different grating sizes are of the same or-
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